MULTIPLE INTERPHASES FOR FRACTIONAL ALLEN-CAHN
EQUATIONS

STEFANIA PATRIZI AND MARY VAUGHAN

ABSTRACT. We consider a nonlocal reaction-diffusion equation in R", n > 2, that physically
describes dislocations in crystalline structures. In particular, we study the evolutionary ver-
sion of the classical Peierls—-Nabarro model with initial conditions corresponding to multiple
slip loop dislocations. After suitably rescaling the equation with a small phase parameter
€ > 0, the rescaled solution solves a fractional Allen—Cahn equation. We show that, as e — 0,
the limiting solution exhibits multiple interfaces evolving independently and according to
their mean curvature.

1. INTRODUCTION

In this paper, we study a nonlocal, reaction-diffusion equation that arrises naturally in the
Peierls—Nabarro model for atomic dislocations in crystalline structures. Our initial configu-
ration corresponds to a collection of slip loop dislocations with the same orientation. After
suitably rescaling the problem from the microscopic scale to the mesoscopic scale, we show
that the dislocation loops move independently, according to their mean curvature.

At the atomic level, one can view a crystal as an infinite cubic lattice. Dislocations are
defects from a perfect lattice which evolve when subject to forces, see [17]. The evolution of
edge dislocations has been recently studied in the literature, that is, when the dislocations
are straight, parallel lines. In this special setting, the Peierls—Nabarro model reduces to a
one-dimensional PDE and the dislocation lines can be associated to single points in R. At
the mesoscopic scale, Gonzalez—Monneau in [16] showed that the dislocation points evolve
according to a discrete system of ODEs. See [12] for an overview of the latest theory. Never-
theless, when the dislocations are not straight edge dislocations, the physical model can only
be reduced to a two-dimensional PDE and the dislocations are indeed curves in R2. Unlike
the one-dimensional setting in which dislocation points move left or right, curves in higher
dimensions can move in infinitely many directions. To the best of our knowledge, we are the
first to study the movement of dislocation curves in R™, n > 2.

Before further reviewing the Peierls—Nabarro model for slip loop dislocations, let us for-
malize our problem mathematically.

1.1. Setting of the problem. We are interested in the fractional Allen—Cahn equation

(1.1) edu’ = (eZ,[uf] — W'(uf)) in R™ x (0,00), n > 2,

1
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where ¢ > 0 is a small parameter, 7, = —cn(—A)% denotes, up to a constant, the square
root of the Laplacian in R"™, and W is a multi-well potential. The operator Z, is a nonlocal
integro-differential operator of order 1 and is given by

dy
(1.2) Tou(z) = P.V. / (o +9) ~ue) ey, R nel,
where P.V. indicates that the integral is taken in the principal value sense. For further
background on fractional Laplacians, see for example [10,30]. Regarding the potential W,
we assume that

n

W € C*8(R) for some 0 < 8 < 1
W(u+1)=W(u) for any u € R
(1.3) W =0 on Z
W >0 on R\ Z
w”(0) > 0.

We let u® be the solution to (1.1) when the initial condition w is a superposition of layer
solutions. The layer solution (also called the phase transition) ¢ : R — [0, 1] is the unique
solution to

CnTh[o] = W'(9) in R
(1.4) >0 in R
where Z; is the fractional operator in (1.2) on R and the constant C,, > 0 (given explicitly
in (3.1)) depends only on n > 2. Further discussion on ¢ will be presented in Section 4.
For a fixed N € N, let (Qﬁ)f\;1 be a finite sequence of open subsets of R"™ that are smooth,
bounded, and satisfy Qf{H CC Q}. The corresponding boundaries Iy = 9Q} can be under-

stood as the initial dislocation loops in the crystal. Let d;(z) be the signed distance function

associated to Fé, t=1,...,N, given by
d(z, T} if Qi
(1.5) di(z) = { A To) - ifw ey
—d(x,T)) otherwise.

For our initial condition to be well-prepared, we let ug be the N-fold sum of the layer solutions
o(d;i(x)/e), see Figure 1.

(A) Initial sets in R™ (B) Initial condition ug for small £ > 0

FI1GURE 1. Initial configuration for N = 3

We show that the evolution of the fronts, denoted by (I'!)¢>o, corresponds to interfaces
moving independently by mean curvature meaning that the sets (I'});>0 move with normal
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velocity

(1.6 1~u2m,u—%”

where k; are the principal curvatures and ¢y > 0 is explicit (see (4.1)). To handle possible
singularities, we use the level set approach: T'¢ is the zero level set at time ¢ > 0 of a solution
u’ to the mean curvature equation whose zero level set at ¢t = 0 is exactly I'y. In this case, we
say that (TQf, T, ~Qf) denotes the level-set evolution of (2§, Tf, (2§)°) where TQf and ~Q;
are the positivity and negativity sets of u' respectively. See Section 2 for more definitions,
details, and references on the level set approach to motion by mean curvature.

We now present the main result of our paper.

7]

0
1>’

Theorem 1.1. Let u® = u®(t,x) be the unique solution of the reaction-diffusion equation
(1.1) with the initial datum uf : R™ — [0, N] defined by

o (i)
(17) W@=Z¢(;).
i=1
Then, as € — 0, the solutions u® satisfy
ut — N in TQN,
s =i an TN i=1,... N1,
ut =0 in QO
where (TQLTE Q) denotes the level-set evolution of (2, T, (Qif))c) in which (T4)i>0 locally
move with normal velocity (1.6).

Ficure 2. Convergence result for N = 3

As illustrated in Figure 2, Theorem 1.1 says that the solutions u® converge to integers
between the interfaces I'i but does not say anything about the limiting solution on the curves
themselves. To understand this, we say that the set I'; does not develop interior if and only
if I = 9(TQ%) = 9(—Q%). In this special setting, the limiting function in Theorem 1.1 makes
integer jumps on the curves I'} and satisfies

N N
. N 1 .
lim ua — E + 5 E <]]-+Q% — :H.(TQ%)C) m (0,00) X Rn \ U Fz
i=1

e—0 )
=1
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where 1 denotes the characteristic function of the set 2 C R™. However, due to the
degeneracy of the mean curvature equation, I' may develop interior, and we cannot say
exactly where the jump occurs within these sets. For example, the level set evolution of a
dumbbell will develop singularities on its neck in finite time.

Theorem 1.1 for N = 1 has been addressed in the literature when W is instead a double-
well potential. The classical Allen-Cahn equation for which (1.1) is instead driven by the
usual Laplacian A was studied famously by Modica—Mortola [20] for the stationary case.

Chen studied the corresponding evolutionary Allen—Cahn problem and proved that the
solution exhbits an interface moving by mean curvature [6]. In the fractional setting, the
stationary case was studied by Savin—Valdinoci in [29] and the evolution problem was con-
sidered by Imbert—Souganidis in the preprint [19]. See Section 2 for more on the phase field
theory. We are the first to study when N > 1 and W is a multi-well potential.

The proof of Theorem 1.1 relies on the abstract method introduced in [3] for the study of
front propagation. One of the key tools needed for the abstract method is the construction
of strict sub/super solutions to (1.1). Since we are working with multiple evolving fronts,
our barriers roughly take the form

Y (di(t, @)
v (t,x) = Z o < ! 57 > + lower order correctors
i=1

where d;(t,-) is the signed distance function associated to I'; and ¢ is the solution to (1.4).
A formal argument for this choice of barrier is presented in Section 5.

One difficulty arrises in understanding v¢(¢, x) when (¢, x) is far from the front ' since the
signed distance function is not smooth at such points. To overcome this, we replace d; with
a smooth extension of the signed distance function away from the curve, see Definition 4.3.
In [19], they instead extend the barrier ¢(d;/e) (for N = 1) away from the front. We found
that a superposition of the corresponding barriers in [19] cannot be applied in this setting as
we cannot control the errors associated with the nonlinearity of the potential. By extending
the signed distance functions d; instead of each ¢(d;/e), we are able to use the asymptotic
behavior of ¢ at oo to show that v° is indeed a sub/super solution (see Section 6).

In the actual construction of the barrier, we add lower order correctors to control the error
as € — 0. For this, we use a superposition of solutions 1) = 1. to the linearized equation

—C L]+ W () =g

for some right-hand side g = g. depending € > 0 and on the signed distance function to the
corresponding front. The explicit form of g is somewhat technical and is given in Section 4
with a heuristical derivation in Section 5. In [19], they assume the existence and uniqueness of
1 and also that ¢ and its derivatives are bounded independent of €. We complete the story by
proving existence and uniqueness, but have found that ¥ cannot be bounded independently
of € > 0. Indeed, we can only show, via delicate analysis, that the corrector ¢ = . satisfies

C
|[9e| <

5%|ln5|

which is enough for our arguments, see Theorem 4.9.

1.2. The Peierls—Nabarro model for slip loop dislocations. The Peierls-Nabarro model
is a phase field model for dislocation dynamics which incorporates the atomic features of a
crystalline structure into continuum framework [24, 25, 28]. In the phase field approach, dis-
locations are interfaces represented by a transition of a continuous field. We briefly review
the model for slip loop dislocations (see [17,18] for more details).



MULTIPLE INTERPHASES FOR FRACTIONAL ALLEN-CAHN EQUATIONS 5

Recall that a perfect crystal can be understood as a simple cubic lattice and a dislocation
is a defect from perfect atomic alignment. A slip dislocation occurs when a portion of atoms
slides over another along a particular plane, called the slip plane, and is the curve created by
the boundary between the shifted and unshifted regions. In Cartesian coordinates zizox3, we
assume that the slip plane is the xqx9-plane. The movement of the dislocation is determined
by the so-called Burgers’ vector b. For slip dislocations, the Burgers’ vector is contained
within the slip plane, so we assume it to be in the direction of the xi-axis, say b = e;.

There are two types of slip dislocations that correspond to straight lines in R?: edge and
screw. An edge dislocation is formed when an extra half-plane of atoms is included in the
crystal. In this case, the Burgers’ vector is perpendicular to the dislocation line and the
motion of the dislocation line is in the direction of b. A screw dislocation instead creates a
spiral or helical path around the core. Here, the Burgers’ vector is parallel to the dislocation
curve which means that the dislocation line moves parallel to the direction of b. It is probable
that most slip dislocations are not straight lines and thus exhibit components of both edge
and screw dislocations. We call these mixed dislocations. Slip loops (or loop dislocations)
are slip dislocations in the form of simple closed curves. Since the Burgers’ vector is fixed for
a given slip loop, the type of dislocation changes from point to point along the dislocation
curve, see Figure 3. Depending on the orientation of the curve with respect to b, the slip
loop will either shrink or expand.

Z2
I~
Scriew
b =e ™ Ed (5

é I~

b=e; Screw |\ |

= [ ]

T
(A) In the slip plane z1z2 (B) In R?® (inspired by Fig. 3.11 in [21])

Fi1GURE 3. Dislocation types in a slip loop dislocation with fixed Burgers’ vector

In order to describe the loop, a phase parameter ®(z1,z2) between 0 and 1 is used to
capture the disregistry of the upper half crystal {3 > 0} from the lower half crystal {x3 < 0}.
In particular, the dislocation loop is the set T'g := {® = 1/2} C R?, and the phase parameter
satisfies ® ~ 1 inside the loop and ¢ ~ 0 outside the loop.

Next, let U = U(x1, 2, 23) be the distance between an atom at location (x1,x2,x3) in
the upper half crystal and its rest position. Let ®(x1,x2) = U(x1,x2,0) be the displacement
in the slip plane. Most of the mismatch of atoms from their perfect lattice structure occurs
within the slip plane. To quantify this, we use a multi-well potential W satisfying (1.3).
Here, the periodicity of W captures the periodicity of the crystal. In the Peierls—Nabarro
model, the total energy is the elastic energy for bonds between atoms plus the energy for
atomic displacement:

1
E(U) = / ‘U($1,.’I)2,1‘3)’2 dri dxo drs + W((I)(xl,wg)) dxy dxs.
2 Jr2xmr+ R?
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The equilibrium configuration is obtained by minimizing the energy £ with respect to U
under the constraint that ® ~ 1 in the loop and ® ~ 0 outside the loop. The corresponding
FEuler-Lagrange equation is

T[®] = W/(®) in R?

where T, is the fractional Laplacian of order 1 in R?. It turns out that it is enough to
consider ®(z1,z2) = ¢ (d(z1,22)) where ¢ solves (1.4) in R and d is the signed distance
function associated to the loop I'g. (See, for example, Lemma 3.2 with n = 2.)

We are interested in the evolution of multiple loop dislocations in the same slip plane, with
the same Burgers’ vector. For this, we use a single parameter u(¢, x) defined for x in the slip
plane R™, the physical dimension being n = 2. The dislocation dynamics are then captured
by the evolutionary Peierls—Nabarro model:

Opu = Tp[u] — W'(u) in (0,00) x R", n > 2,

where Z,, is the fractional Laplacian of order 1 in R™. At the microscopic scale, we assume that
the dislocations curves are at a distance of order 1 from each other. This can be represented
by the initial condition

N

u(z,0) = Zgb (dl(sx)> for x € R", € > 0,
i=1

3

where ¢ solves (1.4) in R and d; is the signed distance function associated to the loop T}.
In order to understand the movement of the dislocation curves at a larger (mesoscopic)
scale, we consider the rescaling

t T

(1.8) Wt z) = u ( ) . (tx) €[0,00) x R", £ > 0.

e2|lne|’
Consequently, u® solves (1.1) with the initial condition (1.7). Here, £ > 0 represents the
scaling between the microscopic scale (~ 1071%um) and the mesoscopic scale (~ 0.1 —10um).
The presence of the factor |Ing| is well-known in physics, see [4,9,17]. Roughly speaking, it
arrises from an integrability condition for the kernel of the %—fractional Laplacian in R™. See
also [29].

Dislocations can be described at different scales by different models:

atomic scale (Frenkel-Kontorova model),

microscopic scale (Peierls—Nabarro model),

mesoscopic scale (Discrete dislocation dynamics, motion by mean curvature)
macroscopic scale (Elasto-visco-plasticity with density of dislocation).

As described above, our result passes from the Peierls—Nabarro model to motion by mean
curvature. In the case of multiple parallel straight edge dislocations, Gonzalez—Monneau
passed from the one-dimensional Peierls-Nabarro model to the discrete dislocation dynamics,
see [16]. We reference the reader to [12] and the references therein for more on the dynamics
of edge dislocations in one dimension. In higher dimensions, the line tension effect is stronger
than the interaction between the curves, and we have movement by mean curvature as seen
in Theorem 1.1. See also the work of Garrioni—Miiller for a variational model in dimension
two [14]. Monneau and the first author in [23] studied homogenization of the Peierls—-Nabarro
model to describe the elasto-visco-plasticy with a density of dislocations at the macroscopic
scale.
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1.3. Organization of the paper. The rest of the paper is organized as follows. First, in
Section 2, we provide the necessary background pertaining to motion by mean curvature.
Section 3 contains preliminary results on fractional Laplacians. Then, in Section 4, we
establish preliminary results the phase transition ¢, the corrector v, and other auxiliary
functions needed for the rest of the paper. We provide heuristics for the proof of Theorem
1.1 and for the choice of barrier in Section 5. The construction of barriers is presented in
Section 6. Section 7 contains the proof of Theorem 1.1. We prove some auxiliary results from
Section 4 in Sections 8, 9, and 10. Lastly, we present our own proof of the main convergence
result from [19] in Section 11.

1.4. Notations. In the paper, we will denote by C' > 0 any universal constant depending
only on the dimension n and W.

We let B(zg,r) denote a ball of radius » > 0 centered at o € R™ and let S™ denote the
unit sphere in R"*1.

For 3 € (0,1] and k € NU {0}, we denote by C*#(R) the usual class of functions with

bounded C*# norm over R. The class H %(]R) is the set of functions g € L?(R) such that

)2
//\g |$_y|3 vl dy dx < oo.

1
For multi-variable functions, we let Cg P(R) and H ¢ (R) denote the classes C*B(R) and

H %(R) in the variable £ € R, respectively.
Given a function n = n(t, x), we write n = O(e) if there is C > 0 such that |n| < Ce, and
we write n = 0-(1) if lim._,gn = 0. Given a sequence of function u®(¢, z), we write

liminf ,u®(t,2) = liminf u°(y,s)
€0 (y,8)—=(t,2)
e—0
and
limsup *u(t,z) = limsup u®(y,s).
€0 (y,8) = (t,2)
e—0

2. MOTION BY MEAN CURVATURE

In this section, we describe the level set approach for the geometric motions of the fronts.
For a smooth function u = u(t,x), consider a level set Iy = {x € R" : u(x,t) = ¢} of u at
level ¢ € R and assume that Vu does not vanish in a neighborhood of I';. Let d(¢,z) denote
the signed distance function to I'y:

_Jd(z,Ty)  foru(t,z) >c
dt, ) = {—d(x,Ft) for u(t, x) < c.

Note that n(t,z) = Vd(t,z) is normal to the curve I'; and satisfies |Vd| = 1 in a time-

space neighborhood N of T'y. Then, as theorized by Osher—Sethian [26] and justified by

Evans—Spruck in [13] for viscosity solutions, the level sets (I';);~¢ move with normal velocity
olt, 2, d(t, 2) = —pdiv(nt, 2))n(t, 2)

(2.1) = —pAd(t,2)Vd(t,z) in N,

where p > 0is in (1.6), if and only if u is a solution in A to the nonlinear degenerate equation

2.2 Ou = ptr I—%@ﬂD%
( ) t 1% ( )
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where p = p/|p| for p € R" and ® denotes the usual tensor product. Consequently, all the
level sets of u move according to their mean curvature (2.1) if and only if w is a solution to
the mean curvature equation (2.2) in the whole space (0,00) x R™. In this regard, we say
that the mean curvature equation is a geometric equation since if u solves (2.2), then so does
®(u) for any smooth function ® : R — R. Note that the velocity in (2.1) is the same as (1.6).

For a bounded, open set g C R™, set I'g = 0§y and consider the initial triplet (g, T'o, (Q0)¢).
Let up(z) be such that

Qo ={z:ug(x) >0} and TIy={x:up(z)=0}.

If w is a solution to (2.2) with initial data u(0,2) = ug(x), then, by our previous discussion,
the zero level sets of u move according to their mean curvature. In particular, we set

T ={z:ut,z) >0}, Ty={r:u(t,z)=0}, and ~Q={x:ut,z) <0}

and say that (T, 'y, “Q)¢>0 denotes the level set evolution of (Q, g, (Q0)¢). Under certain
conditions on {2y (such as smooth and convex), the sets (I't);>¢ do not develop interior, that
is, Ty = 0(TQ) = (") for t > 0. However, this is not guaranteed for a general initial set
Qo, so we use weak solutions to handle possible singularities, see the next section.

Consider the special case in which the curves I't are smooth and do not develop interior,
at least for some time. Then, the signed distance function d is smooth, satisfies |[Vd| =1 in a
neighborhood of I';, and is a solution to (2.2) on I';. Moreover, as a consequence of the strong
comparison principle, if two level sets {u(t,z) = ¢1} and {u(t,z) = co} start separated, then
they remain separated for some time.

Since the inaugural work [13] for mean curvature flow, the level set approach has been
adapted for more general motions. Indeed, around the same time, Chen—-Giga—Goto [7] estab-
lished a level set approach for degenerate parabolic PDEs. In [2], Barles—Sonner—Souganidis
rigorously connected the level set approach and the phase field theory for reaction-diffusion
equations. The abstract method for front propagation was developed in [1,3]. Roughly
speaking, the abstract method is a tool that allows comparison of the sets ¥, with the
limiting set {u®(¢,-) > 0} as ¢ — 0.

2.1. Weak solutions. Due to the underlying geometry of Theorem 1.1, it is helpful to pass
the notion of viscosity solutions of the PDE (2.2) to weak solutions of the level sets of the
solution u. We use the notion of generalized flows for the mean curvature equation. The
original definition of generalized flows is given in [3], see also [1]. We use the variation in [19]
which is sufficient for proving the abstract method in [3].

Let F(p, X) be given by

F(p,X) = —ptr (I —p®p)X)
and the lower and upper semi-continuous envelopes of F' be denoted by Fi and F* respectively.

Definition 2.1. A family (€2;);~0 of open (resp., closed) subsets of R" is a generalized super-
flow (resp., sub-flow) of the mean curvature equation (2.2) if for all (tp,z0) € (0,00) x R™,
h > 0, and for all smooth functions ¢ : (0, 00) x R” — R such that

(i) (Boundedness) There exists r > 0 such that
{(t,z) € [to,to + h] X R™ : @(t,x) > 0} C [to,to + h] X B(xg,r),
(i) (Strict subsolution) There exists § = d(¢) > 0 such that
Opp + F*(Vp, D*p) < —6 in [to, to + h] x B(zo, ),
(resp., dyp + Fu(V, D*p) > 6)
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(iii) (Non-degeneracy)
Ve #0 in {(t,z) € [to,to + h] x B(zo,7) : p(t,z) = 0},
(iv) (Initial condition)
{z € B(zo,7) : p(tg,z) >0} C Q,
(resp., {z € B(xo,7) : ¢(to,x) <0} CR™\ Q,),
then
{x € B(zo,7): o(to + h,z) > 0} C Qyuin
(resp., {x € B(wo,r) : p(to + h,z) <0} CR™\ Qyyin)-
For the interested reader, we remark that (£2¢):>0 is a generalized super-flow (sub-flow) of

(2.2) if and only if 1o, — 1 g,). is a viscosity super(sub) solution of (2.2), see [3, Theorem
2.4]. For an introduction and background on viscosity solutions, see for example [8].

3. PRELIMINARY RESULTS ON THE FRACTIONAL LAPLACIAN

In this section we recall a few basic properties of the operator Z,, that will be used later
on in the paper. First of all, by using that
dy

Yy

lyl<R

=0,

for any R > 0, we can write

dy dy
Tnu(z) = (u(z +y) —u(r) = Vu(z) - y) —=7 + (u(z +y) —u(r)) —=-
lyl<R vl lvl>R vl

In particular if v is smooth and bounded, both integrals above are finite and we can bound
Z,u as follows,

o) < € (10l + ).

where we used the following lemma whose proof is just a direct computations in polar coor-
dinates.

Lemma 3.1. There exists Cy, Co > 0 such that for any R > 0,

d d C
/ oo =GR and / TR R
=<y 12 (=1>Ry 12 R

The next is an auxiliary lemma that allows us to view one-dimensional fractional Laplacians
of functions defined over R equivalently as n-dimensional fractional Laplacians.

Lemma 3.2. For a vector e € R" and a function v € CYH(R), let ve(z) = v(e-z) : R® — R.

Then,
In[ve](z) = [e|CnTi[v](e - x)
where
(3.1) Cn= / ﬁ dy.
nt(lyl"+1) 2
Consequently,

elC el =PV [ <v<s+e-z>—v<5>>;ﬁ1, eR.
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Proof. The case e = 0 is trivial. Therefore, let us assume e # 0 and let ¢ := |e| > 0. Begin
by writing
dz
Zn[ve)(z) =P.V. /n (vie-xz+e-z)—v(ie-x)) ]z\TH
We claim that it is enough to prove the result for e = cep, with e; = (1,...,0). Indeed,

let T" be a rotation matrix such that T'e = ce; and apply the change of variables Tz = y to
obtain

Zy[vel(z) = P. V. /n (vie-z+e-T ly) —v(e-x)) ‘T;i;nﬂ
=P.V. /n (v(cey - Tx + ceq -y) — v(cey - Tx)) Jfﬂ = Tn[Vee, |(Tx).

If Z,[vee, [ (z0) = cCpZh[v](ceq - xp) for any xg € R, then we take 9 = T'x and notice that
To[ve)(z) = Zp[vee, (Tx) = cCpZy[v](cer - Tx) = |e|CrZy[v](e - x).
Hence, the result holds.
It remains to prove the lemma for e = ce;. Observe for # = (71,2') € R x R"~! that

In[Ucel](l‘) = PV/ (U(le + CZl) _ ’U(Ciﬂl)) ’Zdnz—i_l

n

1
:P.V./ vicxy +cz1) —v cx1)</ ndz’) dz.
R( ( ) < ) Rn—1 |(21,Z,)| —+1
Since
1 1
dz’:/ —— g 7
/R (21, 2/) "+ ro-1 (|22 4 22) "5
1 / 1 e C,
= ThF D e———— | Y = »
" Rt (jy2 4 1) |
we have
dz
Tovee](€) = Co . v./ (vlcar + cz1) — v(ean)) P
R |21]
d
=cC, P.V./ (v(cxy + 2z1) — v(x1)) %
R |21]

= cCpZy[v](cer - x).

4. THE PHASE TRANSITION, THE CORRECTOR, AND THE AUXILIARY FUNCTIONS

In this section, we will introduce the phase transition ¢ and the corrector 1. Along the
way, we will also define the auxiliary functions a. and a. and exhibit their relationship with
fractional Laplacians and the mean curvature equation, respectively.

4.1. The phase transition ¢. Let ¢ be the solution to (1.4). For convenience in the
notation, let ¢y and « be given respectively by
W//(o)

(4.1) ' = / [B(&)Pd¢ and o=
R Ch
and let H () be the Heaviside function and C), is defined as in (3.1).
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Lemma 4.1. There is a unique solution ¢ € C*(R) of (1.4). Moreover, there ewists a
constant C > 0 such that

(4.2) 6(€) — H(O) + 15 < |§ for €] > 1
and
1 . C , C C
4.3 —s < < —, < —, < —, >1
(4.3) G SHOS (o 18IS (G OIS (5 Sor i

Proof. Existence of a unique solution ¢ € C%*(R) of (1.4) is proven in [5], see Theorem
1.2 and Lemma 2.3. The regularity of W, (1.3), implies that ¢ is actually in C*B(R), see
[5, Lemma 2.3]. Estimate (4.2) and the estimate on ¢ in (4.3) are proven in [16, Theorem
3.1]. Finally, the estimates on ¢ and ¢ in (4.3) are proven in [22, Lemma 3.1]. O

4.2. The auxiliary functions a. and a.. Next, we will introduce two auxiliary functions
that are necessary for our analysis. Let d = d(¢,x) be a given smooth function. Define the
function a. = a.(§;t,x) by

aa) = [ (o(er TR g vann- )

where (&,t,x) € R x [0,00) x R™. Notice that by Lemma 3.1 and by the regularity of ¢ and
d the integral in (4.4) is well defined.
The corresponding function a. = a.(t,z) is given by

(4.5) as(t,x) = T €|/a‘€ &tx) o(§) dE.

We have the following general estimate on a,a.. The proof is delayed until Section 8.

Lemma 4.2. There ezists C > 0 such that, for all (§,t,x2) € R x (0,00) x R,

1
(4.6) ||(LEHC§3,1(R) < Cez,
1
(4.7) ||8tas||cgyl(R)a \IVzasllcgl(R), ||Dia5|\cg,1(R) < Ce2
(45) 0 €t i (&ta)| < —
. € IS 9 € IS — 1+ ‘£|7
C
‘815(18 (57 t,.’E)| ) |vxa6 (§7t7$)‘ ) (ga ta l‘)| S )
1+ [¢]
(4.9) o
A . A . . <
‘815(18 (§7t7x)| ) |vxa6 (§7t7$)‘ 9 (ga ta l‘)| =1 + |€|
Consequently, for all (t,z) € (0,00) x R",
C
(4.10) las(t,z)| < T ,
ez |Ing|
and
_ C
(4.11) |0cac(t, )|, |Vzae(t, x) |D a:(t 3:)’ <

ez |ln€\.
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We will be interested in a. and @. when d is the signed distance function to a front I';. In
this case, one of the main observations in [19] is that a. converges to the mean curvature of
d in a neighborhood of I';, see Lemma 4.4 below. However, we must take care because the
signed distance function itself is not smooth everywhere. Throughout the paper, we will use
the following smooth extension of the distance function away from I';.

Definition 4.3 (Extension of the signed distance function). Let p > 0 be such that the
signed distance function d associated to a curve I'; is smooth in

Q2p = {(t.2) : |d(t, )| < 2p}.
Consequently, |Vd| = 1 in Q2,. Let n(t, x) be a smooth, bounded function such that
n=1in{|d| <p}, n=0in{|d >2p}, 0<n<1.
We extend d(t,z) in the set {|d| > p} with the smooth bounded function d(t,z) given by
(d(t,z) in {[d(t, )| < p}
dtn(ta) +2p(1 — n(t,2)) i {p < d(t,) < 29}
d(t,x) = ¢ d(t,2)n(t, ) —2p(1 —(t,z)) in {-2p <d(t,x) < —p}
2p in {d(t,x) > 2p}
~2p in {d(t,z) < —2p}

Notice that in {p < d < 2p} d satisfies
d=2p+(d—2p)n>2p—pn=>p,
and in {—2p < d < —p} d satisfies
d=—2p+ (d+2p)n < —2p+pn < —p.

Lemma 4.4 ([19], Lemma 4). Let d be as in Definition 4.3. Then,
1 ’5n72‘
lim @ ==
ma(te) =5 3
uniformly in (t,z) € Q, where p > 0 is in (1.6).

Ad(t,z) = pcy ' tr ((I —Vd® @)D2d>

The proof of Lemma 4.4 is very technical. For the sake of completeness, we provide our
own proof in Section 11. Note that, unlike [19], we utilize the asymptotics of ¢ in Lemma
4.1.

It is also important to notice that when £ = d(¢,x)/e, morally, a.(d/e) is the difference
between an n-dimensional and a 1-dimensional fractional Laplacian of ¢(d/e). This is seen
in the following two lemmas.

Lemma 4.5 (Near the front). Let d be as in Definition 4.3. If |d(t,x)| < p, then
(t,z

ae <d(t€’x);t, x) — T, [¢ <d(i’ )>] (z) — CoTh[d ( ) .

Proof. First, we write a. = a. (d(t,x)/e;t,z) as

o (o) o (22 i)
_p.v. / n (¢ (d<t+>> y <d(t€,x)>> |Zyoiz+1




MULTIPLE INTERPHASES FOR FRACTIONAL ALLEN-CAHN EQUATIONS 13

~P.V. / <¢> <d(t€$) + Vd(t, ) - z> _ (d(te"”)» |Z|Cff+1.

Since e = Vd(t,x) is a unit vector when |d(t,z)| < p, by applying Lemma 3.2 to the second
integral and a change of variables in the first integral, we obtain

a. =¢eP.V. . <¢ (W) _ o (d(tg,x)>> ’Z|ciz+1 Ay <d(t€,x)>
() ca(42)

0

Lemma 4.6 (Far from the front). Let d be as in Defintion 4.3. If |d(t,z)| > p, then there is
a constant C > 0 such that

o (H200) o (24 o ()

The proof of Lemma 4.6 is delayed until Section 9.

4.3. The corrector . The linearized operator £ associated to (1.4) around ¢ is given by
(4.12) LY] = =Cui[¥] + W ($)¢.

In the constructions of barriers, we will need the corrector ¥ = 1 (§;t, z) that solves

£fv] = 0 1 ©) (0 - aulta) +5 (W (9(6) - W), €€ R

Y(Foo;t, ) =0,

(4.13)

where o > 0 is a small positive constant and & > 0 is such that o = W”(0)5. See Section 5
for a formal derivation of (4.13).

To prove existence of the solution of (4.13) we will use the following result which is proven
in [16].

Lemma 4.7. Let g € H%(]R) be such that
| )it s =o.
Then, there exists a unique solution v € H%(R) such that [ 1/1(5)@%)(5) d§ =0 of

LY]=g inR.
Moreover, if g € C*P(R) with 3 as in (1.3), then ¢ € C>P(R), and

(4.14) [Ylless@) < Cllgllcssm) + ¥l L))

Proof. The proof of existence of a unique solution ) € H %(R) satisfying [p ¥(&)(&) d€ = 0
is contained in the proof of [16, Theorem 3.1]. If g € C*#(R) N H%(R), then for all p > 2,

9l rry < C

and the boundedness of 1 follows from [16, Corollary 5.16]. The C'# regularity of 1 then is
a consequence of [16, Proposition 5.17], if g € C%#(R). If in addition g € C>#(R), [5, Lemma
2.3] guarantees that ¢ is actually in C3#(R). O
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Lemma 4.8. Let

(415)  gl&ta) = “jﬁ;t;f) + 06 (€) (0 — ac(t 2)) + 6 (W (8(€) — W(0)).
Then,
(4.16) /R 9(&:t, 2)D(E) de = 0.

1
Moreover, g € HZ (R) N Cg”B(R), uniformly in (t,z) € (0,00) x R™.

Proof. Recalling that o = W”(0)&, we compute

[otetoi@rie= [ (a6t - @ anio) i d
+ [ (c0od(©)+6W" (6() =) dl) de.
1

R

Using the definitions of ¢y and a., (4.1) and (4.5) respectively, we get

1 . . 1 .
/| <un\ (&) - () coasu,x))d)(@ €= i [ a:© ) de —ac(t.0) 0.
Then, we use that W' is periodic, ¢(cc) = 1 and ¢(—o0) = 0 to find that

[ oW )i s = / jé[W’ (6())] de = 5[W'(1) — W(0)] = 0
R

and again the definition of ¢y to see that
[ (cv0éte) = o) €1 d = oo [ (300 de — o =,
R R

as desired. This proves (4.16).
Next, from (4.2), (4.3) and (4.8) we have that

W (6(€)) = W"(0) = O(6(€)), ¢ (£), ac (&:t,2) € HE(R),

1
which implies that g € H¢ (R), with [|g]| < C; for all (t,x) € (0,00) x R™. Moreover,

HE (R)

from the regularity of ¢ and W and (4.6), it follows that g € Cg’ﬁ(R) with HgHCW(R) < Cq,
3

for all (¢,z) € (0,00) x R™. O

Theorem 4.9. There is a unique solution 1 = 1 (&;t,x) € C>P(R) to (4.13) such that, for
all (§,t,x) € R x (0,00) x R™

. . C
[W(&t,2)l, 08t 2)l, [(&t2)| < i\
(4.17) ex|Ine] o
|0 (&5, )|, [Vatp (&8, 2)], |DIW(E @), [Vath(§5t,2)| < —— )
e2|lne
and
c
(4.18) [(&;t, )| < ma

for some C' > 0.
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1
Proof. First the existence of a unique solution ¢ € HZ(R) N CE’B(R) to (4.13) satisfying

Jr (&t x) $(&) dé = 0 follows from Lemmas 4.7 and 4.8.
Let us show (4.17) for ¢. Let g be defined as in (4.15). We first notice that by (4.6) and
(4.10), we have that, for all (£,¢,z) € R x (0,00) x R”

C
(4.19) (&t @) < ———.
ez|lne|

Suppose by contradiction that there is a sequence €, — 0 as k — oo such that if 1, is solution
to (4.13) with € = gy, then for some (¢, z) € (0,00) x R",

1
(4.20) 9k (5 they ) | oo () >

ekllneklbk
with 0 < by — 0 as k — oo. Deﬁne the function wk(f) = V(s thy i) /10 (5 ths ) | oo ()
Clearly, ||wk.HLoo(R =1, |5 U(€)p(€) d€ = 0 and 1y, solves

Ly =g, inR,

9(&t,2)
gk (&
= Gt e e
Notice that by (4.19) and (4.20), gx — 0 as k — oo uniformly in R. By (4.14) the sequence
of functions 1, is uniformly bounded in C*#(R), therefore, up to a subsequence, it converges

1
in C3(R) to a function s, € HZ (R)N CE’B(R) which is solution to
L{hoo] =0 in R.

Moreover, [p Voo (£)P(€) dé = 0. Indeed, by the uniform convergence of ¢y, to 1) and using
that ¢(—oc0) =0 and ¢(c0) =1, as k — oo,

/Ru?oo( d&‘ /wk ) de - /woo 5>d£'

< 1k — Yool ey / o(€) de

= (|9 — Yool Loo®) = 0.

The uniqueness of the solution guaranteed by Lemma 4.7 implies that ¥, = 0 which is in
contradiction with [|tho|[feo(r) = 1. This proves (4.17) for . The estimates for ¥ and ¢
then follow from (4.6), (4.14) and (4.17) for 1, just proven.

Next, we establish (4.17) for the time/space derivatives of ¥. From (4.16) it follows that,
fori,j =1,.

/atgstx €)de =0, /azlft:w &) de = 0, /Hgétx o(€) de = 0.

Moreover, from (4.3), (4.9) and (4.11), the functions Og, 0,9 and (ﬁﬂjg belong to the

with

space Hg (R) N Cg’ﬂ(R) uniformly in (¢,x). Thus, it is easy to see that 0y, 0,1 and
1 .
Eﬁﬁjw exist agd are the unique solutions in H§2 (R) such that [, dup(&;t,2)(€) dE = 0,
o] = dig,  LIo, wJ 85,% Ll62, v =2, 9 nR,

TiT; mzm]



16 S. PATRIZI AND M. VAUGHAN

respectively. Therefore, as above, from (4.7), the estimates in (4.17) for 9y1p, V1) and D2y
follow. The estimate for V¢ then follows from (4.14) with g and 9 replaced respectively by
V,g and V.

Finally, we prove estimate from (4.18). By (4.2), (4.3), (4.8) and (4.10), for |¢] > 1,

C

(4.21) lg(&t,z)] < m

For a > 0 let us denote ¢4(&) = ¢ (%) Then, ¢, solves

Q@WAz%V@@iMK

Therefore, recalling (4.1), that W is periodic and W’(0) = 0, for { < —1, by (4.2) (note that
H(§) = 0),
1
£[¢a] (f) = W/,(¢(€))¢a(§) - aW/(gba(f))
Wl/(o)
a
= aC L (@) !
= alnp (¢a(£) - aqba(g)) + (é‘2>
-1 1
-, —10(=5).
e <52)
Choose a = 3. Then, there exists Ry > 0 such that,

2 1 2 1 1
(422) [,[qba](f) - *E + O <£2) - @ + O <€2> Z m, for f < *Ro.

Choose Ry so large that for £ < —Ry, by (4.2),

W"($(€)) > a—Co(&) > a

= W(0)pa (&) — ba(x) + O(d0a) + O(2)

¢
€l

Then, the operator L satisfies the maximum principle in (—oo, —Rp). By (4.17) and the
monotonicity of ¢, for € small enough,

Ce2 _ 1 (_Ro><¢a<§>

ellne] ~ g|lng| 3 ) = e|llng|’

> —=>0.

| Q

(4.23) Y&t x) < for £ > —Ry.

Choose K > 1 such that, if we denote ¢(£) = Kéol®) “then by (4.21) and (4.22),

ellne| 2
LIPI() = g(&:t,x) for € < —R.
Since in addition by (4.23),
Y(&t,2) <P for £ 2 — Ry,

the maximum principle implies that

P(&t,x) < o(6) < m for £ < —Ry.
Comparing v with —gﬁ we also get
Y&t x) > for £ < —Ry.

-~ ellnell¢]
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Similarly, choosing a < 0, one can prove that

_c

Estimate (4.18) then follows. O

for £ > Ry.

We conclude this section by stating the following estimate for the n- and 1-dimensional
fractional Laplacians of . The proof is in Section 10.

Lemma 4.10. Let d be as in Definition 4.3. There is a constant C > 0 such that

oz, v (M) | @ - el e (157 <

|Ine|

for any (t,x) € (0,00) x R™.

5. HEURISTICS

5.1. Ansatz for motion by mean curvature. We believe it is helpful to view the heuris-
tical derivation of the evolution of the fronts I'! by mean curvature in Theorem 1.1. For
simplicity, we consider the case N = 2.

For the following formal computations, assume that the signed distance function d;(¢, x)
associated to 't is smooth and that |Vd;| = 1. Moreover, we assume that there is a positive,
uniform distance p between I'} and I'Z.

The ansatz for the solution to the reaction-diffusion equation (1.1) is given by

(5.1) W (t,z) =~ ¢ (dl(zl’» +6 <d2(”)> .

3

Plugging the ansatz into (1.1), the left-hand side gives

(5.2) eOpuf ~ ¢ ( > Oidy + (b < > Oids.

Up to dividing by e|lne|, we use the equation for ¢ (see (1.4)) and estimates on a. (see
Lemma 4.5 and Lemma 4.6) to write the right-hand side of (1.1) for the ansatz as

(5.3)
€L, [uf] — W'(u®)

~enlo(2)]remle(2)] - w (e (2) +o(2))

£ £ £
“(mfe(2)] et (2)) + (m[e (2) |- cmn (2))
ool (L) +cumiel (2) - (o (2) +o(2))
s () e (2) (o (2)) o (o2)) - (o (2) 0 (2))
5 £ 5 5
Freeze a point (¢, ) near the front T'}. Let ¢ = dy(t,x)/e and assume separation of scales.

That is, assume that £ and (¢, z) are unrelated. In this regard, let n = |da(t, z)| > p, so that

n~! is bounded. Since the ansatz u® is a solution to (1.1), we can multiply the equation by
by ¢(£) and integrate over £ € R to write

(5.4) /R&:@tu%dg o~

| (e = W) e e

¢|lne|
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For convenience, we will consider the left and right-hand sides separately again.
First, the left-hand side of (5.4) with (5.2) gives

/ef)tu": H(&) dE ~ 8td1(t,a;)/[q§ (€))? d£+q§ 8td2 t,x /¢
R R
1 Ce?
= ¢ Otdl (t, ZE) + ?8td2(t, .7})
~ cgloudi(t, x),

where we used (4.1), (1.4), and the asymptotics on ¢ (see (4.3)).
Then, we look at the right-hand side of (5.4) with (5.3). First, using that ¢(—oc) = 0,
¢(00) =1 and that W is periodic, we have

i LW @)@ i = i [ v @eds=o.

Next, we use the asymptotics and properties of ¢ (see (1.4), (4.2)) and that W’(0) = 0 to
Taylor expand W' around the origin and estimate

g|1115\ /¢ dg_eu g ( ( ) H(?))

= g (VO w0 (o (2) - (2)]

1 C’a
ellnel n

~ 0+

For the remaining W’ term, we Taylor expand around ¢(¢) and use similar estimates to
obtain

g LW (60 +0(2)) o)
=g LV oo (D) -#(2)

)
“lng] / W @)+ W (0©) (¢(2) - #(2))] 4 de

/ 1 n n I .
= g L@@+ o (o(2) -1 (1) [ e ée
1 Ce d._, _
~0+ / IV (€] d =0,
Lastly, for the nonlocal terms, by (4.8),
1
eflnel

and by Lemma 4.4,

’1n5| §)d¢ = ac(t,x)

~ cytptr ((I - VE(?:E) ® V@m))D%ﬁ (t, x)) .
Combing all these pieces, (5.4) for the ansatz gives
gty (t, ) =~ pcy ((I le( z) ® Vdi(t, x))Dle(t, x)) :
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The computation for (¢,z) frozen near I'? is similar. We conclude that the fronts move
according to their mean curvature:

Bydy(t,x) ~ ptr (I — Vdy(t, ) ® Vdy(t, 1)) D?dy(t,z)) near I}
Oyda(t,x) ~ ptr ( (I — V@(?x) ® V@(?x))Dng(t, r)) mnear I'Z.

5.2. Ansatz for corrector. One of the key ingredients in proving Theorem 1.1 is the con-
struction of strict subsolutions (supersolutions), denoted by v® = v¢(¢,x). For this, it is
necessary to add a small corrector ¢ to the ansatz in (5.1). In order to showcase the equa-
tion for ¢, we will consider the simplest case in which N = 1 and assume that d(¢, x) = d; (¢, x)
is smooth with |Vd| = 1 and satisfies

(5.5) Ord = pAd — coo ~ coac(t, ) — coo.

To find the corrector 1 for the barrier, we consider the ansatz

(it 3) ~ ¢ <d(t€’$)> +eine| v <d(t€"’“")> _clne|s,

where the function v is to be determined and & > 0 is a small, given constant. Assume for
now that ¢ is smooth and bounded with bounded derivative.
Since v° is a subsolution to (1.1), then heuristically, there is a o > 0 such that

(5.6) 0 = (eZ,v® — W' (v°)) — 0.

1
e[l
Plugging the ansatz into (5.6), the left-hand side gives

(5.7) O ~ ¢ ( > dyd + ¢ |Ine| < ) od ~ ¢ <‘;> Ord

where we use that 1) and d;d are bounded. Next, we look at the right-hand side of (5.6) for
the ansatz. First, we use the equation for ¢ (see (1.4)) and estimates on a. (see Lemmas 4.5,
4.6, 4.10) to find that

1= e [ (2)] + <2 [ (2)]
R CINOIREEE
(o (2)] - emm (5)) v om ()
= e (2) g (o (8)) e (2).

On the other hand, we do a Taylor expansion for W’ around ¢(d/¢) to estimate
(5.9)

= g [V (¢ (2)) 7 ((2)) (2 ()]
a7 (4 (2) +7 (0(2)) (et (2] =<t

N————

)+ ez mlal (2

\/4-

12
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Equating (5.7) with (5.8) and (5.9), the equation for the ansatz gives

(g () s ¢
()2 () -
Rearranging and using (5.5), we have
caio®)w (99
(o)
1 1
e ()4 o () e o (9) -

We let 1 be the solution to this equation. In particular, let £ be the linearized operator in
(4.12). Then, that corrector v satisfies the equation

et (182 = e (14 g (12D ) et

+ coop (“@) +eW” <¢ (d(tf)» — o,

as desired. See (4.13) with o = W”(0)s.

In order to check the validity equation (5.11), at least formally, we freeze a point (¢, z)
near I'}. Let £ = d(t,z)/e and assume separation of scales. We multiply both sides of (5.11)
by gb(f ) and integrate over R to write

/R LI (€) 9(€) dg = /R (5“115'@5 (&)= 60 coaaoxw)) O(€) d§
+ [ (ard €+ oW (0(€) = ) bl .

(5.10)

2

(L)

(5.11)

Since 7 is self-adjoint and ¢ satisfies (1.4), the left-hand side of the equation gives

(5.12) /L |6 d¢ = / ~CaTa[¢ W(¢)¢>¢d€

~ [ 5 COmle+ W @) wdg =0,
On the other hand, the right-hand side is also zero by Lemma 4.8.

Remark 5.1. Notice that ¢ depends on the signed distance function d(t,z). Hence, when
N > 1, we have a finite sequence of correctors, denoted by ¢1,...,¢¥n, depending on the
signed distance function d;(t, z) to the front I'}, i =1,..., N.

Remark 5.2. To see that o = W”(0)5, assume that d(t,z) << —1 and ¢ = 0. Then,
(t,x) € ~Q} is far from the front I'}. By Lemmas 4.1 and 4.6 (and Lemma 10.2), in (5.10),

0~0+6W"(0)—o.
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6. CONSTRUCTION OF BARRIERS

We now construct the strict subsolutions (supersolutions) to (1.1) needed for the proof
of Theorem 1.1. In particular, the barriers will be used to prove that a sequence of sets
are generalized super(sub)-flows. We will focus on the construction of subsolutions as the
construction of supersolutions is analogous.

Fix (tg,z0) € [0,00) x R™ and h > 0. Let ¢;(t,z), i = 1,..., N, be smooth functions
satisfying (i),(ii),(iii) in Definition 2.1 for (¢, z) € [to,to + h] X B(zo,r;). Moreover, assume

(6.1) {(t,z) : pir1(t,x) >0} cC {(t,z) : p;(t,z) >0} fori=1,...,N —1.

Let d;(t,z) be the signed distance function associated to the set {z € R" : ¢;(t,z) > 0},
which we know to be bounded by (i) in Definition 2.1. Then, we can denote the zero level
set of @; by T = {x € R" : d;(t,x) = 0}. As a consequence of (iii) in Definition 2.1, there is
a p > 0 such that d;(t,z) is smooth in the set

@, = {(t,2) : |di(t,2)| < 2p}

and |Vd;| = 1 in Q. ,- Moreover, by (6.1), and perhaps making p smaller, we can assume

that Qf) NQ, =0 for i # j. Let d; be the smooth, bounded extension of d; outside of QZ as
defined in Definition 4.3.

Since for z € T, we have 9;d;(t,x) = Oyp;(t,x) and Vd;(t,x) = Vip;(t, ) /|Vi(t,7)]|, as a
consequence of (ii) in Definition 2.1, for o > 0 sufficiently small,

(6.2) Ord; < ptr ((I — @ ® ?d,-)D%l,) — cpo = ulAd; — cpo  in Q;

Let & > 0 be such that 0 = W”(0)d. Then, we define the smooth barrier v (¢, z) by

63 =0 <d(”€)_"> t+eline] éw <d<t$€)_0t x) _ Ge|inel.

=1

Lemma 6.1. For sufficiently small €, v¢ is subsolution to

(6.4) Q° — (T [v7] — W'(19)) < —% in [to, to + h] x R™

e |lne|

Moreover, there is a constant C > 0 such that, for e > 0 sufficiently small,

(6.5) N —26¢|Ine| < v°(t,x) < N — %5|1n€\ in {(t,x) cdy(t,x) — 6 > = ¢ }

7|lne|

Proof. We will break the proof into four main steps. First, we estimate the equation for
ve(t,x) for any (¢,x). Then, we will show that v°(¢,z) satisfies (6.4) when (¢, x) is near a
single front I‘io and then when (,z) is far from all fronts I'}, i = 1,..., N. Lastly, we prove
the estimate in (6.5).
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For convenience, we use the following notation throughout the proof:

b (di(t,x) —5>

5
T)— G
6 ;

o

Vi = 1 diltz) =5 tw)
(t,z
- _

di ta —0
. <<?0m>

a. := as(t,x) corresponding to aé

b. = €I, [gf) (d(”“ﬂ (z) — C,Th[¢)] <W> :

9 9

;Su
Il

Ql

We note that it will be important for the reader to remember the dependence of ¢; and a.
on the variables t,x and & = d;(t, z)/e when taking derivatives in ¢, x.

Step 1. Computation for v*(¢,x) in (1.1) for an arbitrary (¢, z) € [to,to + h] x R™.

First, the time derivative of v¢ at (¢,z) is given by

ey ( Z¢Z Od;(t,x) + ¢ |lne| Z [mat (t,x) —i—s@th} )
=1 =1
By (4.17) for ¢ and 0,4;,
N .
(6.7) 0 =Y i Oudi(t, x) + O(e2).
i=1
Next, we consider the nonlocal term. For each i = 1,..., N, we use that ¢ satisfies (1.4)
to find

di t, T)—0
<L) = <Tlo)(w) - Cuti) (HED =) 1w (6.
Also, using that v satisfies (4.13) and Lemma 4.10, we find that

T, [0](0) = T lunl(o) - Cutafu] (M0 =T) <oy (HEET) v

=0 (|ne|™) - |a2 + dico (@t — o) — & (W (¢1) — W"(0)) + W (¢4) .

1
gllne
Therefore, the 1/2-Laplacian of v® can be written as

N

() = ) — di(tvl‘)_a- s
To)e) = 3 [Talole) ~ it (HEDT) )
+€|ln5|2{ (Jlne[™") “118|af:+<;5ico (al — o)

—ﬂW%M—W%M+W%mw}
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Recall the definitions of ¢; and bl introduced in (6.6). Since W is periodic, we have that
W'(¢i) = W'(¢i) and similarly W"(¢;) = W"(¢;). Using this, rearranging, and utilizing the
notation b’, we can equivalently write
N ~
T[] () = Y |6 — ab) + W(&)] + Oe)
(6.8) =1

+ellne Z [ AW (i) + dico (@ — o) — & (W”(@) W”(O))} :
Then, with (6.7) and (6.8), the equation for v® at (¢,x) can be written as

Eqn(v®) := edp®(t,x) — ——— (eZn[v° (¢, )] (x) — W' (v (¢, x)))

1 l:lN |
" ellne| { > [(bi —ag) + W’(d%)] +0(e)
=1

N
-w (Z ¢i + ¢ |Ine| Zwi —o¢ ]1n5|> }
i=1 i=1

Grouping the error terms, the qﬁ, terms, and the nonlinear terms together, we have

g|1ng\zb““ +Z¢Z [0udi(t, ) — co (@ — )]
|ln5| { (Z ¢i +¢|lne| Zwl —0¢ |ln5\>

i_vj( W/(65) 4 ne| [W" (di)us &(W”(@)—wm)])}.

Fix an index ip € {1,...,N}. For the remainder of Step 1, we will conveniently isolate
every term indexed with i to help with Step 2. First, we do a Taylor expansion for w’
around ¢;, to obtain

N N
W/(Z&Z +e|lne] Zwi — e ]lna])
i=1 i=1

Eqn(v®) = O(]lne|™ 1

(@o )+ W ¢zo Zﬁbz-i-é\lné‘\zwz—aa Ine
%10
2
+0 Z¢l+e|ln6|zwl—os|lne\
i#ig
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By (4.17) for 1;, we have that

|1n5| ((Z bi +¢|lne| Z¢Z —0¢e lne) )
i#i0
2
-y 0 (;ﬁ’;)e') +O(mel ™) + O [el).

1#£10

Hence, we can write (6.9) as

7 \2
Eqn(v®) = O(Jlne| ™)+ O (6(ﬁ;35|>

i1#10

N . . N . 3
> (0l —al)+ Z¢i [0udi(t, ) — co (a2 — )]

e |lne] P

1 / "
+5\1n5|{W(¢’0 + W (i) (Zﬁbﬂrelnszmoelng)

i+io
— (W’(ém) +e|lne| [W”(éio)wio —0 (W”((Z)m) B WN(O))D

=S (W) + el [W(Giys — & (W) - W(0)) ]) }
iio

where in the last two lines we extracted the i term. Cancelling the W’(¢;,) and W” (s, )i,
terms then distributing 1/(¢|Ine|), we simplify to

Eqn(v®) = O(|lne| ™) —I—Z ( |lna\>

1#£i0

N ‘ N .
ST - al) + > i [Odi(t ) — co (@ — 0)]
i=1

 e|lne] P

4 W”(Q;io) (Z . ’fﬁﬂ + Z Vi — ) +0o (W//(¢zo) W”(O))

- [W“‘%’) W~ &(W"(@)—W"(O))].

1#£ig

Next, we do a Taylor expansion for W’ around 0 and recall that W’(0) = 0 to write
W'(¢1) = W'(0) + W"(0)¢i + O((¢1)*) = W"(0) s + O((6:)*)-
With this, we now have that

Eqn(v¥) = O(|lne| ™! Z ( |ln5|>

i#£i0

XX |
m Z(bé - aé) + Z ¢z [atdi(t,zﬂ) —Cp (C—Lz_ _ 0.)]
i=1 i=1
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W// - i - }
_; [ |ln6| + W)y — o (W (i) =W (0))] .

We rearrange to group the terms with W”(¢;,) — W”(0) together

Bqu(v*) = O({ne ™) +Z <5|ln€‘>

i#£i0

sz—a +Z¢Z &5 tx)—co(a —J)]

]ln5|

+ (W(G) - W0) Y -2~ awo)
i#io

(6.10)

e |lne|
+ 30 [(WBi) = W60 wi+ 5 (W) = (0))] -
1#£10
Looking at the last line, we Taylor expand W around 0 to find, for i # g,
(W"(ia) = W (@i + & (W' (30) = W'(0)) = i) = & (W (0)ds + O(62))

= O(thi) + O()

and also . . . .

W//(¢io) - WH(O) = W///(O)¢io + O((¢io)2) = O(@o)‘

Therefore, (6.10) can be written as

Eqn(v°) = O(|lne| ™) + Z

( M) +0(6:) + O()

1#10
&
|1ne| Z ~o +Z¢, Oudi(t,x) = co (a2 = 0)] + O(u) ; clne]
where we also used that o = W”(0)5. Hence, we conclude that
Eqn(v¥) = O(|lne| ™)
(QNSZ)Q b; b ) O(QEZO)&Z
(6.11) +;% © <€|ln€|> +O(¢’)+O(¢1)+O(¢z)+m
1 N |
Ilnel Z(bé —ag)+ Z i [atdi(ta x) — ¢ (C_Lls — U)] — 0.
i=1 i=1

Step 2. v°(t, ) satisfies (6.4) when (t,z) is near the front T'°.

25

Assume that |d;, (t,z) — 0| < ]lngrl/2 for some index 1 < iy < N. Then, by (6.1), for ¢

sufficiently small,
\d;(t, ) — 0| > |lne|"2  for all i % io.
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We begin by estimating the error terms in (6.11) for i # ig. First, we use (4.2) to estimate

i = |¢ (d(tﬂfg)—a> o <d(t?_0)

from which it follows that
. 712
6] =0 (]1n€|_%> and 6] = 0O(e).
e lnel e|lnel
Similarly, from (4.18), for ¢ # ig,
C 9 1
i < = l 75) .
Wil < g =1 = © (’ nel
Next, we use (4.3) to find that, for i # g,
: Ce?
] < —————
|di(t, z) — o]
Combining the above estimates in view of (6.11), we have

> (o ( (00" ) + 0+ 00 +0w) + 200 ~0 (el 2.

= e |lne| e |lne|

Next, we check the terms with @’ and al. For i # ip, we use that d; is smooth, (4.3) and
(4.10) to obtain

612) | Sarladn) el <X (za5s) o =0().

9

1
<(C—— = Ingl2

= O(£* |Inel).

i#io i#io e2|Ine|
For i = ig, we use that ¢;, > 0, (6.2), and Lemma 4.4 to estimate
io[Ordi (t,2) — (@ — )] = iy ([Oedliy (t, ) — pAdyg(t, ) + co0] + [Adiy (¢, ) — coal])

< iy (04 0:(1)) = 0=(1).
Lastly, by Lemma 4.5 and Lemma 4.6

| X
b —
5|lne|;’ © ae 5|ln5|

Consequently, in (6.11), we have that
Eqn(v®) < o.(1) — 0.
Taking e sufficiently small, (6.4) holds.

(6.13)

. C 1
> I =i € e 30— = Ol ).

i#i0 1#io ‘IHE‘ 2

Step 3. v°(t,z) satisfies (6.4) when (¢,z) is away from all fronts I'%.
Assume that for alli=1,..., N,
\di(t, ) — o] > |lne| 2.

Then, we estimate exactly as in Step 2 but we include i = i¢ in (6.12) and do not drop i = ig
n (6.13). Consequently, we have that

Eqn(v®) <o (1) —o.
Taking ¢ sufficiently small, (6.4) holds.
Step 4. v°(t,z) satisfies (6.5).
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Let p := &“(’;15‘ for C' > 0 to be determined and € > 0 sufficiently small. Fix (¢,z) such
that dy(t,z) — & > p. Then,
(6.14) di(t,x) —a>p foralll<i<N.

Since 0 < ¢ < 1 and by (4.18),

N
Us(t,$)§N+CZm—O~'€‘IDE|
i=1 "

§N+C—~5—6€]1n5]
D

o
< N — —¢|l
< 26\n6\

for a sufficiently large C' in the definition of p. On the other hand, by (6.14), (4.2) and (4.18),

v (t, ) > N+i§; <¢> <d<t‘?_a> —H <d(t"?_a>> —Cim — Ge|lne|

€ Ce? N €
>N - - L
=N (cwzs— " @ws =57 X g oIl
2
ZN—g—C—i—6s|ln€]
pp

> N — 25¢|Ine]

for C sufficiently large in the choice of p. This proves (6.5). O

7. PROOF OF THEOREM 1.1

Proof. We apply an adaptation of the abstract method introduced in [3], see also [1].
Begin by defining the families of open sets (D) | and (E%)Y, by
.
—1

Di =Tnt{ (t,2) € (0,00) x R™ : liminf,—— >0 % C (0,00) x R”
e=0 ellne|

. € _(i—1
E' =1Int {(t,:c) € (0,00) x R™: limsup*w
e—0 e |lne]

< 0} C (0,00) x R™.
To define the traces of D* and E°, we first define the functions Xi7 X' : (0,00) x R® — {—1,1},
respectively, by ‘ A
XZ =1p — ]].(Di)c and X' = ]l(Ei)c — 1g.

Since D! is open, Ki is lower semicontinuous, and since (E;) is closed, X* is upper semicon-
tinuous. To ensure that X¥* and Xi remain lower and upper semicontinuous, respectively, at
t =0, we set

X'(0,z) = liminf x'(t,y) and X'(0,2) = limsup X'(t,y).

t—0, y—r— t—0, y—a
Define the traces Df) and Eé by
Dy={reR":x'(0,2) =1} and E}={zeR":Y(0,2)=—1}.

Note that Dé and Eé are open sets. To apply the abstract method, we need the following
propositions. We delay their proofs until the end of the section.
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Proposition 7.1 (Initialization). For eachi=1,...,N,

QL c D) and (ﬁé)c C E}.
Proposition 7.2 (Propagation). For each i = 1,..., N, the set D' is a generalized super-
flow, and the set E' is a generalized sub-flow.

For t > 0, define the sets D! and E} by
Di={zc€R":(t,z) € D'} and E}={xcR":(t,x)c E'}.
By the abstract method (see [1,3]), it follows from Propositions 7.1 and 7.2 that
TQLCc D Cc TQLUTE and “QIC El C TQLUTL
The conclusion readily follows; we provide the details for completeness.
First, since TQ¢ C D}, we use the definition of Dj to see that

(7.1) liminf ,u®(t,z) >4 for z € TQL
e—=0
Using that _Qiﬂ C EZH, we similarly get
(7.2) lims(l]lp*ug(t,:c) <(i+1)—1=i forzxe QL
e—

Therefore, for i =1,..., N — 1,
lim u®(t,x) =i in TQiN QL
e—0
Next, by the comparison principle, 0 < u® < N. Consequently,
0 <liminf,u®* and limsup*u® < N.
=0 e—0
Hence, together with (7.2) and respectively (7.1) we have

limu®(t,z) =0 in ~Q} and limu(t,z)=N in QY.
e—0 e—0

It remains to prove Propositions 7.1 and 7.2. We begin with the initialization.

7.1. Proof of Proposition 7.1.

Proof. We will prove that ng C Déo for all 1 <ig < N. The proof of (ﬁéo)c C Eéo is similar.
Fix ig, a point zg € ©, and a small constant ¢ > 0. To prove that zg € Dy, it is enough
to show that, for all (¢, z) in a neighborhood of (0, zp) in [0, c0) x R™,

us(t,x) —ip >0

lim inf ,
e0 e |lne|

For this, we will use (6.3) to construct a suitable subsolution v* < u*, depending on &.
We begin by defining smooth functions ; for each ¢ = 1,...,4y that satisfy conditions
(i),(ii),(iii) in Definition 2.1. Indeed, first let r; > 0 be given by

, t=1,... 140,

N | Qe

r; = di(wo) —
where d; is given in (1.5). Note that B(zg,r;) CC QY and
ri — Tit1 = di(xo) — dit1(x0) > d(I‘f), F6+1).
Define the smooth functions ¢;(z), i =1,...,1ip, by
pi(t,x) = (r; — Ct)2 — |z — x|
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for a large constant C' > 0, to be determined. It is easy to check that the signed distance
function d;(¢, ) associated to {z : ¢;(¢t,z) > 0} is

(7.3) di(t,z) =r; — Ct — |x — x|
and that
{(t,2) s pilt,x) > 0} = [ J{t} x B(zo, i — C1).

>0
Hence, (i) in Definition 2.1 is satisfied. Next, we see that

Oppi(t,x) = =2C(r; — Ct), Vip(t,z) = —2(x — x0)
and, for t < r;,/(2C), we have

Opi — putr ((I ~ Vi ® VA%)DQ%) =—2C(ri = Ct) +2u(n—1)

for C' > 0 sufficiently large, with ¢ = W”(0)é. Hence, (ii), (¢i7) in Definition 2.1 are also
satisfied. Moreover, by construction,

Qe

d(0,z) < d(z) — 5 for all x € R".
Let p < /2, to be determined, aI}d let d; be the smooth, bounded extension of d; outside

of Qﬁ, in Definition 4.3. Since d; < d; + p, we have that

(7.4) d(0,7) < d(z) forall z € R".
Let v® = v*(t, z) be given by

v (t,x) = Zqﬁ <dz(t,xg)—&> +ellne]| Z@bi <CW6)_&;7§,:U> —oellnel.
' i=1

Note that v° is the same as (6.3) except we only sum over 1 <i < iy, i.e. N =ip in Lemma
6.1. By Lemma 6.1, we have that v° is a subsolution to (6.4) in [0,7;,/(2C)] x R™.

We claim that v* < w® in a neighborhood N(0,z0) C {d;(t,z) — & > p} where p =
20/(5|In¢e|). Note that p < & for e sufficiently small. Let = be such that d;, (0,z) — & > p.
Then

- o 3
di() = diy(2) > diy(20) = |2 — w0| = diy (0,0) + 5 > T +p> 5
for all 1 <14 <. Since ¢ > 0 and by (4.2),
i A
u®(0,x) > o <d1($)>
=1 €
0 € Ce?
> 1-—
> 2\ daw) T @)
70 2
> O_i_&)
T = as 02
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. (oa
> iy — 5¢ Inel,

for e sufficiently small. Therefore, by the second inequality in (6.5) (applied with N = i),

W (0,2) > o — %5 Ine| > v°(0, z).

By the comparison principle, the claim holds. Consequently, by the first inequality in (6.5),

.. uE(tr) — g ... UE(tx) —dp o - _
_t > _— > — ; —o>0¢t.
llgg)lf* chne = llgélf S 20 in N(0,z0) C {d;,(t,x) — & > 0}
Letting & — 0, the result follows. O

7.2. Proof of Proposition 7.2.

Proof. Fix 1 < iy < N. We will show that D% is a generalized super-flow. The proof that
E'o is a generalized sub-flow is similar.

Let (to,x0) € (0,00) x R™, h > 0, and ¢;, : [to,to + k] x R — R be a smooth function
satisfying (i)-(iv) in Definition 2.1. If iy # 1, we will construct a smooth test function ¢; for
the generalized flows D?, 1 <i < ig. If iy = 1, then we omit this step.

Consider the sequence of smooth functions go’f given by

1
Sollc(tvx) = Qpio(t’x) + s
Since Vg;, # 0 on {p;, = 0} and ¢;, is smooth,
. 1 1
Vil = Vi, #0 in {—k < $ip < k}
for sufficiently large k. Consequently,
0{p} > 0} = {p} =0}
for large enough k. Then, the sequence of sets ({¢} > 0})ren is strictly decreasing and
Jlim {o} > 0} = (){ef 2 0} = {pi, > 0}.
—00 ko1

Recall from (i) that {¢;, > 0} C [to,to+ h] X B(xo,r). Since {y;, > 0} is closed and B(zg,r)
is open, for k sufficiently large, we have

{pi > 0} C {} > 0} C [to, o + h] x B(ao,r).
Moreover, since the mean curvature equation is geometric and ;, satisfies (iii), we have
Qe + F* (Vi D) = Bupig + F*(Vpig, Dpi) < =0
in [to, to + h] x B(xo,r). Therefore, ©¥ satisfies (4), (i), (i4) in Definition 2.1 when k is large.
Fori=1,...,ip — 1, we define the smooth functions ¢; : [to,to + h] x R™ — R by

1 /19g—1
(,Oi(t, x) = (pio(t)x) + % < 2 > )

19— 1
for a sufficiently large k. As a consequence of our previous discussion, each ¢; satisfies
(i),(ii),(iii) in Definition 2.1. Moreover, (6.1) holds and, since Dj is open,

{z € B(x,r) : pi(to,z) >0} = {3? € B(x,r) : @i, (to, ) > —% (io _i) } C D,

70— 1

by making k larger, if necessary. Therefore, each ¢; also satisfies (iv) in Definition 2.1.
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Let d;(t, ) be the signed distance function associated to {(t,z) : pi(t,z) > 0}. Let p >0
and d; be such that d; is a smooth, bounded extension of d; outside of Qf) as in Definition
4.3. Let v¢ = v°(¢,x) be given by

0 ~ %0 -
di(t,z) — di(t,z) —
ve(t,x) = qu <Z(7?U) +e|lne| Zwi <W;t,x> —oellne].
=1 =1
In light of (6.3), we note that N = i in Lemma 6.1. In particular, we apply Lemma 6.1 to

conclude that v® is a subsolution to (6.4) in [to, o + h] x R™.
We next show that

(7.5) ©>0° in {(t,z) € [to,to + h] x R" : diy (t,2) — & > p}

u® > v°
where 2C'/(|Ine|) < p < & for ¢ sufficiently small. By the initial condition (iv) in Definition
2.1, we have that

i s ug(to,.%) _Z.O
{z: dio(t07x) >0} ={z: @io(thm) >0} C Dtg = {"E : llgélf*w > O} .
Therefore,
. .. . uf(tg,x) —1p
{z : d;y(to,z) — 0 > p} C {x : hlerlglf*w > O} ,

which further gives that

u®(to, x) > ig — %6 lne| in {x:d;,(to,x) — & > p}.

In particular, by the second inequality in (6.5),

W (to, ) > ig — %5 Ine| > v&(to, 2).
By the comparison principle, (7.5) holds.
By the first inequality in (6.5), we have that

ua(to + h,l‘) — 10 > va(to + h,ﬂ?) — 1
e |lne| - e |lne|

> —26 in {x:d;(to + h,x) — 5 > p}.

Since p — 0 as € — 0, it follows that

(to+h,x) —4
{z :di,(to + h,z) —6 >0} C {x:lilan_jélf*u (to +h,w) —ig > —25},

e |lne|

Taking 6 — 0, we arrive at the desired inclusion

et h —1
{x:gpio(t0+h,x)20}:{x:di0(to+h,x)20}c{:L‘:limiglf*u<0+ ) ZOZO}.
e—

e |lnel
U

8. PROOF OF LEMMA 4.2

First, we note that by the regularity of ¢ and d, there exists Cy > 0 such that
d(t,x +ez) —d(t,x
o e+ M=) g Vi)

< Cod(€ + Vd(t, ) - 2+ 0(|z[}))e|2|, with |O(|z]?)] < Colz|%.

(8.1)
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8.1. Proof of (4.6) and (4.10). To prove (4.6), we will show that for all (¢,z) € (0,00) x R™,

(8.2) lac(&:t,2)] < Cez.
(iv)

The same estimate for a., d., @, and aE will follow similarly by replacing ¢ in expression
(4.4) by, respectively, b, &, ¢ and (@)
Begin by writing

‘LE:/ZlQ; <¢ <§+d(t,x+5?—d(t,$)> _¢(§+W(t’x).z)) ﬁil
+/|Z>5 1 (d) <£+d(t,x+5z)—d(t,x)) _¢(£+W(t,x)‘z)) ciz+1

9

-2
=IT+1II
For the long-range interactions,

d
\H|§2/ = Cen.
2> 7 |2]"

N|=

Q

For the short range interactions, we use (8.1) to estimate

dz

1
|z\”+1 = (Cez.

1< C

|z|<e

2
el
2

Estimate (8.2) follows.
Consequently, using the behavior of ¢ at oo in (1 4) we estimate

(83)  |ac(t ) /ya (&5,2)] () d < /
: ’1 €| : \lng\ ez |ln5|
which gives (4.10).

8.2. Proof of (4.8). Let Cy be as in (8.1). We will consider two cases.
Case 1: |£] < %. Choose k > 0 such that

1 1
|Vd|| ook < 1 and  4|d||Cor? < 1

Then, for |z| < k|¢|, we have that |[Vd(t,z) - z| < |£]/4 and Coe|z|? < [£]/4. In particular,

(8.4) €+ Vd(t,z) - 2 + Coelz|?| > E’
We write

ae :/n <¢ <£+ d(t’ﬁe? _d(t’$)> —¢(§+Vd(t,ar)-2)> ‘ZTl,fll

- /{|z>n|£|}(' R /{|z|<n|a|}(' )

=I+11.
By (8.1), we have

<[ Cobler Ve 2+ 0P
{|zl<xle]} 2]
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and by the asymptotic estimates (4.3) and (8.4),

. C C
Vd(t,z) - 0(|z]?)) < <
AVt 2) =400 = (3 Ta0) -2 + 200PIP = [eP
Therefore,
Ce dz Ce
I < —5 1 T Ter
€12 Jqzi<niery 12770 1€
Next, we have
11 < 2/ % <&
CEaE €]

Estimate (4.8) then follows.
Case 2: |£| > %. Choose k > 0 such that
Cor? < oo and [ Vdook < [[d]oc

Then, for |z| < ke™!, we have that |Vd(t,z) - z| < |€]/4 and Coe|z|? < |€]/4. In particular,
(8.4) holds true. We write

%:/n <¢ <€+d(t,x+5zg)—d(t,$)> _¢(§+Vd(t7l,)_z)> dTZH

||
:/ (...)+/ (..)
{lzl<re1) {lz1>ke1)
— I+

The same computations as in Case 1 give

Ce dz C
N<ip) o<
€12 Jqz1<ne—1y |2] 1]

Next, we write

= [y (e ) o)

+/ (6 (6 + Vd(t,z) - 2) — $(€)) —2
{lz|>Ke—1}

n+1
=Ji+ Jo.

2|

Since |£| > 4||d||s /€, we have that |£ + w| > [£|/2. Therefore, recalling that H
is the Heaviside function, H(§) = H (5 + w> and by (4.2)

'¢ (§+ d(t,x+82)—d(t7x)> g <§+ d(t,x+52)—d(t,x)>

9

)
€1’

(€)= H(E| <

from which it holds that

C dz Ce
8.5 < _d= _ Ce
(8:5) 1l &l Jqpzpsney |2 [
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Next, to estimate Jo we write

=P, [ (ole+ Valt.s) =) - ole)
(8.6) .
_P.V. Vd(t,z) - z) — ez
J o Gl Vi) -2 —6O)
By Lemma 3.2, equation (1.4) for ¢, the periodicity of W and the fact that W’(0) = 0,
PV [ 0+ Vi) =)~ 9(6) e = 9 DICTI)
= [Vd(t, )W (6(€))
= [Vt 2) W' (6(¢) — H(E))

= 0((&) — H(¢)),
with H the Heaviside function. In particular, by (4.2),

(8.7) PV, [ (6l + Vdlta) 2) - 6(6)) |Z|dj+1 <
Finally, we write
pv. [ (B¢ + Vd(t,2) - 2) — 6(€)) —2
{Jzl<re=1} e

d
= [ (6 V) 2) - 9 ~ SOVt o) 2)
{Jzl<re=1} ||
and since |Vd(t,z) - z| < [£]/4 for |z| < ke™!, from (4.3), we estimate

(6(€ + Vd(t,z) - 2) — $(€) — S (E)Vd(t,z) - 2| < §|z|2.

Therefore,
dz C dz
{lzl<re=1} 2" T IER Specney |27
- Ce!
€12
C
S R

’ Y
where in the last inequality we used that e =1 < [£]/(4]|d||o0). With this, (8.6), and (8.7), we
infer that

C
Jo| < —
12l < 1

which with together with (8.5) yields

C
11 < —.
& €l

Estimate (4.8) for a. then follows. The estimate for a. is proven in the same way, just

replacing ¢ by ¢.
The proof of Lemma 4.2 is then completed. O
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9. PROOF OF LEMMA 4.6
Lemma 4.6 follows from the next three lemmas.

Lemma 9.1. Let d be as in Definition 4.3. If |d(t,x)| > p, then there is a constant C

C(n,¢,d) > 0 such that
e (d(t’ x);t,x)’ < g
€ p

Lemma 9.2. Let d be as in Definition 4.3. If |d(t,z)| > p, then there is a constant C

C(n,¢,d) > 0 such that
o ()] 0|5

Lemma 9.3. Let d be as in Definition 4.3. If |d(t,z)| > p, then there is a constant C =

C(n, ¢,d) > 0 such that
nia (127 < <

€ P

9.1. Proof of Lemma 9.1. The lemma is an immediate consequence of (4.8).

o (2] @

ev [ () o ("))

- [ () ("2) - ( ) TE )
o () ()

= I+1I.

Looking first at the long-range interactions, we use 0 < ¢ < 1 and Lemma 3.1 to estimate

d
11] < 2/ e ¢
21>2 |2| P

For the short-range interactions, fix z such that |z| < p/2. Then, by Taylor’s theorem,

(22) o (2) ()22

1 <¢-§ (d(x+rz)> Vd(z + 72) @ Vd(z + 72) +¢<d(m+7’z)) D2d(x+rz)> .

2 € g2 € €
for some 0 < 7 < 1. Since
d(z+72)

€

€ € e 2 2’

ZId(:ﬂ)l_ﬂ>3_p o

we can apply (4.3) to estimate

() 82w fi(Aee) <

35



36 S. PATRIZI AND M. VAUGHAN

Therefore, using that the first and second derivatives of d are bounded,

(222 () (42) 2

< = 2"
2
Thus, from Lemma 3.1, we have that

C d C
<o [ R =t
P°Jlz<e 2] p

The conclusion follows by combining the estimates for I and I1.

9.3. Proof of Lemma 9.3. From (1.4), the periodicity of W and W’(0) = 0, we see that

(1) - o o(12) - o (1) =03 (%)

where, as usual, ¢(§) = ¢(€) — H(E) and H is the Heaviside function. Therefore, by (4.2),
d(x) Ce Ce
T — < —< —.
o ()] < <
The proof of Lemma 4.6 is then completed. g

10. Proor oF LEMMA 4.10
Lemma 4.10 is a consequence of the following three lemmas.

Lemma 10.1. Let d be as in Definition 4.3. If |d(t,z)] < p, then there is a constant
C =C(n,¢,d) > 0 such that

‘dn [w (d(? L ﬂ (x) — CuTy [t (1, 2)] (d(t’ @)‘ < C

£ |Ine|’

Lemma 10.2. Let d be as in Definition 4.3. If |d(t,z)| > p, then there is a constant

C =0C(n,¢,d) >0 such that
d(t, C
T (+t,2)] ( (tj))‘ <o

Lemma 10.3. Let d be as in Definition 4.3. If |d(t,z)| > p, then there is a constant
C =C(n,¢,d) >0 such that

o (120 o] s 5

10.1. Proof of Lemma 10.1. For simplicity in notation, we drop the dependence on t. By
Lemma 3.2 and the fact that |Vd(z)| = 1, we have

I, [w(d(";-)]u 7l (3o (120

=y [ (o (T res) o (T i ) )
(2220 (2 )
() ()

=141
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First, let us estimate I. We will show that

C
(10.1) 1< o
Notice that
(102) o () 0 (U 4 Vo) s ) | < sl

so that we can actually write

I:/n (w (W;x> — <d(:) +Vd(a:).z;x>> |Z|dj+1
= /{|z|<s%}(' R /{|z|>s%}(' )

We write

=11 + Is.
Recalling Lemma 3.1, by (10.2) and (4.17) for )
. dz Ce _1 C
Bl Celdlle [, i<
{|z|<e~ 2} |2 ez|Ine] |Inel
and from (4.17) for v,
1
dz €2 C
2] < 20l | < _
(> y 2" T T cine|  |Inel

This proves (10.1).

Next, using that P. V. f{‘ <)
z|<&

1=y (D) o ()

V. (Wx) .<Ez>) |Z|dil}
s (70 (T Ei0) - v (o) ) (sz>|zfj+1]
o (2 (225 2

= IIl —I—IIQ —I—Ilg

Ve <@; x) . z‘zfiﬁl =0, we write

+

+

Again, recalling Lemma 3.1, by (4.17) for D24,

LEAES C\|D§;¢||oo52/ ; - TS -
sl<e=? [2]"71 7 |Ing]
By (4.17) for Va;l/},
. d C
8] < CIVaile |, o <
|z|]<e™ 2 ‘Z| |1n€|
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Finally, from (4.17) for v,

dz C
I3 <2 < .
sl <2l | o S g
This proves that
C
10.3 7 < ——.
(10.3) 1 <

From (10.1) and (10.3) estimate (10.1) follows.
10.2. Proof of Lemma 10.2. From (4.13),(4.2), (4.3), (4.8), (4.10) and (4.18), for |{]| > 1,

Tl Gt 0] O] < Clo@)] + =50 o e lé + clote)
C
< — .
= el

In particular,

i d(t, z) c ¢
Ty (5t )]( 5 >‘ = IInel|d(t, )] = |Inelp’

10.3. Proof of Lemma 10.3. For convenience, we drop the dependence on ¢ and begin by

writing
oz, o (%) | @ = e [ (i) | @) - wa@IC v (o)
+ V(@) CTi 16 52
By Lemma 3.2,
oz, o (%) | @) - V)G, (o)

Therefore, as in the proof of Lemma 10.1, we obtain

d(-) C
I, —; — |Vd(x)|ChT 5 < .
o ()| @ - wawie.ns o < o
Moreover, by Lemma 10.2,
C
L B < .
V(@) |G ()| <
The lemma then follows.
The proof of Lemma 4.10 is then completed. O

11. PrROOF OF LEMMA 4.4

For simplicity, we drop the dependence of d, a. and a. on t.
Recall from Definition 4.3 that in @, the function d is the smooth signed distance function
from a smooth front. Therefore, in Q, the eigenvalues of D?d(x) are

—K;

Ai(r) = T rd(@)’

i=1,...,n—1, M\(z)=0,
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see, e.g., [15, Lemma 14.17]. Moreover, since |Vd| = 1 in @Q,, we have the equation
D%d(x)Vd(x) = 0 from which we see that Vd(z) is an eigenvector, with norm 1, for D?d(x)
with associated eigenvalue A\, (z) = 0.

Given 0 < r < 1, if |2| < r/e,

d(x +ez) — d(z)

(11.1) -

= Vd(z) - 2 + %D2d(x)z 2+ O(re|2]?).

Let T'= (v1,...,v,) be an orthogonal matrix whose columns are a set of orthonormal eigen-
vectors v1,...,v, for the eigenvalues Ai,...,\, with v, = Vd(z). Then, if y = Tz, the
right-hand side of (11.1) can be written as

n—1
(11.2) Vd(z) -z + %DQd(:E)z 24 O0(relz?) = yn + g > xa? + O(relyl?).

=1

Denote z = (2, z,) with 2/ € R"~! and split a. = a.(£;z) as follows, for r > 0,

. :/n <¢ <§+ d(x+<€2€)—d(w)> _¢(§+Vd(x)-z)> \z|d’i“1

/ (...)+/ (...)+/ ().
{121 zn|<1} {1<]znl <, [2/[<BBU{I<|Z|<E, 2n]< T} {Iz'1> 2 lznl> 2}
By the regularity of ¢ and d and by Lemma 3.1, we see that

/{|z/,|zn<1} (¢ (5 vt 6? - du)) — (€ + Vd(x) - z)> |Z|dél

< Ce/ % < Ce,
{1z1<v2} ||

and using that 0 < ¢ < 1,

/ <¢<§+d(:ﬂ—|—sz)—d(l‘)>_¢(€+Vd(x).z)>Cfirl‘
{12/1>230{)zn|> L} € |2

d
32/ <ot
{

21>} |2]

<

Recalling that ¢(—o0) = 0 and ¢(o0) = 1, the previous inequalities yield

ae(e) = iy [ (€ o) de
(11.3) ) e 1 |

:“‘/¢(§)I(§) df+/¢(£)H(£)d£+0(|ln(g)|—1)+0(7«—1|1n(5)—1)
ellne| Jr e R

IIne|

where

o=1f (o ) e vae )

e f L (o (6+ A=) o4 va) - 9)

€

We will estimate i [ H(&)I(€) d¢ and e Jr B(E)II(€) d€ separately.
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Step 1. Estimating |1M‘ fR I(€) d¢. Let us start by estimating I(£). Recalling (11.2),

with the change of variables, ez = Ty, we write I(£) as

1 14 Yn dy
1 = _ n By )\i 12 @ 2 - - — -
) /{s<|y’|<r,yn|<r} <¢ (5 e <y i ,Z; v ot ))) ’ <€+ € >> Jy["*

Let us denote
1 n—1
(11.4) Al) = 23 A
i=1

then, with the further change of variable t = y,,/|y|, we write

dy’ dyn
1(€) :/ /n+1/ P EPENE==Y
fe<ly<r} W1 Siynl<r) (Y1)
T2

ST (e .
fe<twt<ny W Sty (2 4+ 1)"5°

(o4 ia(2) swtocasa]) (e ).

Define b(0,r,t) by

(11.5) b(0,t,7) == A(0) + O (r(1 +t%)) .
Note that if |¢| < 1, then for some Cy > 0,
(11.6) |b(0,r,t) — A(0)| < Cor.

Then, using polar coordinates y' = pf, p > 0 and 0 € S"~2, we can write I(£) as

_lrcg[gn—z do {t|<;}{¢ (§+Z(t+pb(9,t,r))>_¢<§+ p)}(t”d;

We will prove that one of the main contributions in the integral above comes from values of
1
p between €2 and r and values of ¢ such that, for A(f) > 0,

(11.7) —pA(0) <t<O,
and for A(f) < 0,
(11.8) 0<t<—pA(b).

Indeed, by (4.2) if A(f) > 0, for points ¢ as in (11.7), the integrand function in I(£) is close
to 1 and thus

1 : " dp [© 1 dp [°
d — — d
€)’/R $0(6) /e% p? —pA(e)( = o)) / dole / P? J—pae0) !
A(0) dp
rlnm/ aeie) [,

A6)
2

= I\'J\»—t
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see (11.15) below. Similarly, if A(f) < 0, for points ¢ as in (11.8) the integrand function is

close to -1 and i)
L e [0 [ _A®)
e Lo [y [ =S

The other main contributions come from values of p between £ and e2 and values of ¢ such
that, for A(6) >0

—1<t<—pA#) or 0<t<]l,
and for A(f) <0
—1<t<0 or <—pAd)<t<l.

Indeed, we will show that for A(#) >0

Ui [ [ S dp _ AW)
g w0 [ [ cow= o [ St [0 =50,

o [azi [ a2,

see (11.24) and (11.25). A similar estimate holds when A(6) < 0.
To formally prove the estimates above, we start by splitting I(€)

(11.9) 1) :/ dp /S" 2d9/t|<1} / dp /S” 2de/{1<t|< o}

=:1(§) + (¢
and then estimate m f]Rgb (§) d¢ and |1n£‘ fR I(&) d¢ separately.

and

Step la. Estimating \Tla| fR (&)I1(&) d§. We will show that

(11.10) [ o@n©de= [ 4000+ 0.1)+os(1)+ 00,

where o.(1) depends on the parameters § and r. For Cor < § < 1 with Cp as in (11.6), we
write

(11.11)

L(6) :/ d@(...)+/ d@(...)+/ do(....)
Sn=2N{A(0)>36} Sn=2n{A(0)<—35} Sn=2n{|A(0)|<36}
=: 1} (&) + I7(6) + I (€)-
Beginning with I3 (£), we further split

+26
o - | i [
Sn—=2N{A(0)>35}
p(A(0
o, w5,
Sn—=2N{A(0)>36} p(A(0)+26
o, o[ %),
Sn=2n{A(0)>35} p(A(6)—20)
. i [ [
Sn—2N{A(0)>36} e P7J-6p

|Ine|
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r 1
. eI
Sn—2n{A(6)>36} e P” Jop

=1 J1(§) + J2(&) + J5(§) + Ja(§) + I5(§).
Notice that, for 0 < p < r and r > 0 small enough,

1> p(A(0) +9).
In what follows, we will use several times that, by (4.2), if M > 1,

(11.12) / (E)dE = 6(M) — §(—M) =1 — — — —— L O(M~?) = 1+ O(M "),
{lél<r}

and

11.13 h(E)dE =1 — H(E)dE = O(M ™).
(11.13) /{ oy O /{ oy SO =00

We will also use that

(11.14) (€ +m) — o(§+m2) =O0(m —n2) forall §,m,me €R.

Moreover, recalling (11.6) and that Cor < ¢, if A(f) > 39 and |t| < 1, then b(6,t,7) > 0 and
by the monotonicity of ¢,

¢<§+§(t+pb(6,t,r))) —¢(g+t€p> > 0.

We claim that

(11.15) /¢ £)de = / A(6)d8 + 0.(1) + O(8) + O(r).
|Inel Sn—2n{ A(0)>36}
For R > 0, we split
(Re) 4 5p
Ts(€) = / d0/ dr. )

“. /
Sn—2m{A(9)>35} (Re) 3 p? p(A(8)—26)

For the first integral on the right-hand side of (11.16), we use (11.14) to estimate

(1'36)2 —ép
0</ de/ d” dt(...)
Sn—2n{A(0)>30} —p(A(6)—26)

Ra 0 —dop p2
<C d@/ — —b(0,r,t)dt
Sn—2n{ A(#)>36} € P= J—p(A(0)—26) €

dp
e

NI

(Re)
<C df / p(A(6) — 386)L
Sn—2{A(6)>35} e

1

(Re) p
<C df / —dp < CR.
S7=2n{ A(0)>38} e €

Therefore, regarding the first integral in (11.16), we have

1
. (Re)2 —dp
(11.17)  0< — ¢>(§)d§/ d9/ dg/ ar..) < S8
|Ine| Jr Sn-2n{A(0)>35)  Je P? J—pA(0)—26) | Ine]
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Next, we proceed with the estimate of the second integral in the right-hand side of (11.16).
Notice that, for R§ > 2 and Cor < 6 < 1 with Cp as in (11.6), if

DeSTIN(AWM) >3}, (R)b<p<r —p(A0)-2) <t<pb el < 2,
then
§+7<§—ﬁ<f R(5<—R75
and

5p? R6
€+§(t+pb(0,t,r)) >£+§(t+pA(0) pCor) >§+i > &+ RS>

Consequently, by (4.2), if H is the Heaviside function,

6 (6+ L+ pb(0.t,1))) —¢(£+ t’))

= H £+ ¢+ pb(0.1,1))) —H(§+t:) +0 <£+§(H1pb(97t,r))) +0 (Hltp)

3
1
=1
+0( )

Therefore,
(11.18)

r p
/ H(€)d¢ do /
Sn—2N{A(0)>36} Ra —26)

RS

2. T 5'0 1 dt
— [ 7 de)ae do 1+0 S
_ RS sn2n{A@)>35)  J(Re)d P2 p(A(8)—25) R§ 2+1)"

. r op
G /
{le|>52 S”*QO{A(G))>36} (Re)2 p? A(0)— 25)

The main contribution in ﬁ I $(€)J3(€)d€ comes from the integral of 1 in (11.18). Indeed,
since |t| < p(A(0) — 26) < Cr implies

1
o ET =1+0(r),
(t2+1) 2

we can write

1 r / P _odt
[Inel Sn—2m{A(9)>35} (Re)2 p? (A(0)—26) t2+1)
1
— (14 0(r) —— de/ 1
|Ine|l Jsn-2nga@)>357  J(Re): P

— (14 0(r) (A(6) — 36)d0 /( % ;dp

[Ine| Jsn—2n{a0)>35)

_ In(r) — $In(R) — 3 In(e) B
=(1+0(r)) e /Sn A 35}(/1(0) 36)do

1
— - A6)d0 + 0-(1) + O(8) + O(r).
2 Jsn—2n{A(0)>36}
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With this and recalling (11.12), we infer that

Ré
1 2. T dt
o L [ wf fr oA
|Inef J_zs Sn20[{A0)>35}  J(Re)} p(A0)-26) (12 + 1)

A(0)df + o-(1) + O(0) + O(r) + O (}%5)

(11.19)

2 /S"QH{A(G)>36}
Next, we look at the error terms in (11.18). First, note that

1 r /—(Sp dt
|Inel S"*2M{A(9)>35} (Re)% P (A(6)—26) t2+1)

1
< — do —p(A(0) — 3d)dp
|Inel Jsn—2n1a(0)>35) (RE)% PQ (A(6) )

IN

! d@/ L dp
|Inel Jsn—2na@)>351  J(re)2 P
In(r) — $In(R) — £ 1In(e)
|Ine|

IN

C <C.

With this, we estimate

r ép
[ e [ 3 L © ()
|Inel Sn2n{A0)>35)  J(Re)? P —25) \RO/ (124 1)

o)

and similarly, using that 0 < ¢ < 1 and (11.13),

1 : rod
< s [ awf %[
[Inel Jyep> 2oy Sn-2n{A(6)>36} J(Re)} P
. r = J
(11.21) < 2 P(€)de do dp _da
| 1 1 52 ntl
nel Jyje> 28 sr-an{a©)>38) S (e} P° S -p(a0)-20) (12 +1) "2

1
<
X <R6>
R=¢62

from (11.16), (11.17), (11.19), (11.20) and (11.21), estimate (11.15) follows.

(11.20)

Choosing

Next, let us estimate [ ¢( H(€)Jo(€)dE and Jg o( H(€)J4(€)dE. Using that 0 < ¢ < 1, we get

dp 25)
0</¢ €)Ja(€ d§</¢ )dé d@/ /
Sn—2n{A(0)>35} p(A(0)+26)

< [ dtepie [ ao [ Fasp=colmel,
R Sn—2 e P

from which it follows that

(11.22)

/qs €)Jo (€ d§‘<(]5

\ln€|
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Similarly, we find that

11.23
( ) \ln€|

/¢ €)Jy(€ d§‘<06

Finally, let us estimate fRé (§)J1(€)d¢ and [ $(€)J5(€)de. We are going to show that

. 1
M2y o fe@n@d=g [ a0 o) +06) +00)
and

. 1
1) g /R M) €)dE = /S oy MO+ 0:(1) +00) +0(8)

Beginning with Jy, for R > 0, we split

J1(§) _/
Sn=2n{A(6)>36)

/ 1—2 0 ) d / /

In contrast to the J3 estimate, here the main contribution comes from the first integral on
the right-hand side of (11.26), which we split, for Ry > K > 0,

1
(Re)2 —p(A(0)+26)
/ df / d’; dt(...)
Sn=2n{A(6)>35} € p

Roe +25
/ do / dp / t...)
Sn—2N{A(0)>36}

(Re)2 do ~K3
(11.27) +/ d@/ el pdt(...)
Sn=2n{A(0)>36} Roe P J-1

(R g, (—p(A0)+20)
do / dp dt(...)

(11.26)

(Re)2 _s<

d
+ / do L)
Sn=2n{A(0)>36} Roe P ~K£

+ / do
Sn—=2N{A(0)>35}

Regarding the bounds of integration over ¢, note that K% <1if K < Ry and p > Rge, while

L dt(...).

/(Re)% dp [~PAO-+20)
Roe 1Y —6%

1

1
6% > p(A(0) + 20) only holds when p < (m) “e1,
For the first integral in the right-hand side of (11.27) we use (11.14) to estimate

Roe +2(5
/ do / dp / t...)
Sn—=2N{A(0)>36}

Roe +25) 2
<C df / dp / P Co(0. 1)t
Sn—2n{A(0)>35}

Roe
¢ / dp < CRy,.
€ £
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. Roe dp —p(A(0)+26)
/d§¢(£)/ d9/ 2/ dr(. )| <
R Sn=2N{A(0)>35} € p=J-

For the second integral in (11.27), by (11.6) and the monotonicity of ¢, we have

1
(Re)2 fK%
0< / do / 4
Sn=2n{A(9)>35} Roe P S
dt
6 (6+ 2+ pb(0,t,)) — 0 (£+ 7 ——
c (

t2+1) 2
1
(Re)2 —K=&
/ o / L‘g ’

Sn=2n{A(0)>35} Roe P S

A R | e

A RS
(Re)? K= 1
AT T
S"*2m{A(0)>36} Roe 1 0

¢ <g + L4 T’f(A(a) + cm) %(A(H) + Cor)dr

(Ra —-K= 2
<C d@/ / / " 8, <¢ (g PP A) + Cor)>) S at
Sn—2 Roe -1 € € P
(Re) %
—c[ a0 / /
Sn—2 Roe
2

{¢ <5 K+ T%(A(H) + Cor)) —¢ (é - g + T%(A(@) + C’or)) } dr.

It follows that

CRy
|Ine|

1
11.28 e
( ) Ine|

<

Now, if
K
Roe < p< (Re)z, |r| <1, |¢< 5 ACR<K <R,
then
P K
£ — K—FT?(A(@) +Cor) < —K+[§|+CR < -
and

2 K
=2+ 72 (A(0) + Cor) < —Ro + 1| + CR< —.

Therefore, by (4.2), we have
2 2

o (6= w4+ cn ) o (6= Lo a®) + Con) <

which implies that

¢
K’

. Qde/R 0 { <€K{)€2(A(0)+COT))¢<5Z+5(A(9)+Cor)>}d7

g (Re)2 dp C| lnzs]
K Roe P K
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The computations above yield

. (Re)? -K$ 1
/ d§¢(£)/ 4 do [0 gy | < Gllnel,
{lel<Xy Sn—2n{A0)>36} JRee P J-1 K

On the other hand, estimating as above but using that 0 < ¢ < 1 and (11.13), we obtain

1
‘ (Re)z ~K=
/ dg¢(§)/ do dg/ “at(..)
{lg>%1 Sn=2n{A(6)>36} Roe P J-1
1
. (Re)2 T
<c agie) [ ao [ [Tar < Ch0eL
{le1> %} sn=2 Jree P Jo K
We conclude that
1
1 . (Re)? gy [~KE C
11.29 —— /d§¢>§ d9 i (.. )| < =.
( ) |Ine| |/r © Sn2n{A@0)>35)  JRee PP )1 =g

We next estimate the third term on the right-hand side of (11.27). We first notice that, if
|t] < K2 <1and p> Roe, then

(t2—|—1) Ry

Ry = K?,

We set

then

(Re)% —5%
de/ d—g {¢<§+Z(t+pb(9,tﬂ")))¢<€+t€p)}(dtn+1

/9n2m{A(e)>3a} Roe P™J-Kk= 241) 2

de/(RE)j do [ ) (1 oY) at

_/Sn—Qm{A(G)>36} Roe p? K&

Using again (11.6) and the monotonicity of ¢, we get

de/(Ra) d§ p{¢(£+g(t+pb(97t,r)))—¢(£+Z)>}dt

Roe P —K=&
tp _p° tp
{(b <§+ — + —(A(0) —i—Cor)) — ¢ <§+ )}dt
g 15 g

dt/
0

(A(8) + Cor)dr

/9n2m{A(9)>35}

1
(Re)2 —
Sn—=2N{A(0)>35} Roe p

1
(Re)2
Sn=2n{A(6)>35} Roe P2

2

b (e+ 2+ a0 + cm)

(Re) 3
-, wfo S
Sn—2N{A(0)>35} Roe

l\')
(s5]
oo

*e\m b\m

o ‘b *n\m

b\"’
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o <¢> <§ + %’) + T’f(A(e) + Cor)>> (A(6) + Cor)dt

Similarly,

1
(Re)E g, (02 ;
/ do = p{¢(§+p(t+pb(9,t,r))>—cb(f—i—p)}dt
Sn=2n{A(6)>36} Roe  P° J-K= €

(Re) 4 o
dr
- /s"2m{,4(9)>35} /Roa / /
tp | _p?
<¢ <§ + —+ T;(A(Q) — C(]T’))) (A(0) — Cor)dt.

For the main terms in the integrals above, we use (11.14) to write

—55 tp 2
A(6)do dT E+ —+717—(A0) £ Cor) | ) dt
Sn=2n{A(6)>35} Roe € €

(Re)?
A(6)df / dp
Roe P Jo

/sn2m{A(e)>35}
{<Z> <£ -0+ T’f(A(H) + COT’)> —¢ (g - K+ T%(A(e) + cm) } dr

(Re)? 2\ ) dp
-/ aoar [ foe-a-oc-m+o(Z) L
Sn=2n{A(0)>35} Roe € P
As above, we find that
: (Re)z dp _Cl|lne
[ e Ao [ oe- 1)L < 2
R Sn=2n{A(6)>35} Roe P

Moreover, regarding the error term,

1
. (Re)2 do 02
/ dE(€) / A(6)do / PP < CR.
R Sn=2n{A(6)>36} Roe p

The main contribution comes from the following integral

. (Re) dp
d A(0)db —90) —
/R £6(6) /5 oo /R REISLE

, (Re)?
_ / ded(€) / A(6)d6 / 6() @ + 0| Ine])
R Sn—2N{A(0)>38}

Roe

Nl

(Re)?
:/R;d(qg(g))dg A(e)de/ @+0(6llnel)

dg§ Sn=2({A(8)>35} Roe P

1/1 1
_1 ( el + L n(R) - ln(Ro)) / A(0)d0 + O(6] Ine]),
2\ 2 2 Sn=2n{A(0)>36}
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where we used (11.14) and that ¢(co) = 1 and ¢(—o0) = 0. Putting it all together, we get

=

1 . (Re)2 d —6&
/d§¢(§) de/ L")
[Ine| Jr Sn2{A©0)>30)  JRee PP )oK
1

A(0)dO + 0.(1) + O(r) + O(K~1) + 0(9).

(11.30)

4 /9n2m{A(9)>35}

Finally, for the fourth term in (11.27), we use (11.14) to estimate

(B2 gy [=rlAO)+25)

/ do ! dt(...)
Sn=2n{A(0)>36} Roe  P7 /62
(Rs)% c p2 dp
<C do d— — p(A(9) + 29) ——
Sn—2n{A(0)>36} Roe p Ep

1
(Re)®
< C'/ (6 + p) dp
Roe P €

< C(5|lne| + R),

which gives

(11.31)
1
1 . (R g, p—p(A0)+26)
/d§¢(§)/ d 4 d(...) §C<5+ 1 )
|Ine| |/r sn2nfA@)>30)  JRoe PP -s2 [Ine|
Choosing

K=061,

from (11.28), (11.29), (11.30) and (11.31) we get

1
1 . (B)Y g, r—p(AW©)+20)
1 /df¢(§) de/ Ll dt(...)
(11‘32) HE‘ R Sn—=2N{A(0)>36} € p=J

! A(0)d0 + 0-(1) + O(r) + O(5).

4 /9"—2m{A(0)>36}
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To prove (11.24), it remains to estimate the second integral on the right-hand side of (11.26).
For that, we estimate,
(11.33)

r p(A( 9)+26
0 g/ / dt(...)
Sn—2m{A(9)>35} (Re) 3 p?
r p(A(0)+26)
< 8
Sn—2n{A(0 )>35} (Re) 3 p?
2
{¢ (s+ b4 L (A(9)+Co7“)> —¢<5+”’)}dt

r p(A(0)+26) 1
- / a6 / dt /
Sn—2m{A( )>358} (Re) 7 p? 0

+25) 2
P €
§ — o 2dQ/RE%alp/ dT/ <q§ <§—1— +T€(A(¢9)+C'0T)>> ;dt

cf wf p/ { ( —A(H)—26+T(A(0)+Cor)]>

—¢ (5 - =+ T?(A(Q) + Cor)> } dr.

dr

Now, if
Ré
Bes!, (Re)z<p<r |r|<1, [¢< e
since Cyr < 6, then

€+ 20— 2+ (A0 + o) < fe) - L < By < 1D

and for r, e sufficiently small,

s-Lerluaw+an<ig-L<-k
Choose

then, by (4.2),
2

%[—A(G) — 20+ T(A(9) + C()T')]) o (f - g +7

2

¢ (E + %(A(G) + Cor)> < Co.

The computations above yield

. r +26)
/ d§¢(§)/ / dt(..)| < C8nel.
{lel< B2y S"—2m{A(9)>35} (Re)% P

On the other hand, by (11.13) and (11.33),

. T +26)
‘ | e [ / .. )
{lel> 42y S"*2O{A(6)>36} (Re)3 P
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<C de(€) do / ) dp / dr
{lg]>%£2y Sn—2 (Re)z P Jo
< Cd|lne|.

/Rdw(g) /5n2m{,4(9)>35} @b /R6)2 p? / - +26 t-)

From (11.32) and (11.34), estimate (11.24) follows.
We now check that the estimate for Js in (11.25) holds. We write

1
7
He = [ / dr / (.
Sn—2n{A(0)>35} Je
+/ d9/ /dt...,
sn—2n{A@)>35}  J ()3 PP Jsp ()

We conclude that

1
11.34 T—
( ) Inel

(11.35)

and for Ry > K > 0,

(11.36)

(Re)2 Roe 1
/ d9/ dg’ dt(...) = / dH/ dg’/ dt(...)
Sn—2N{A(0)>35} € P= Jop Sn—2N{A(0)>35} € dp

(Re)®
+ / do / d§ (..
Sn—=2n{A(0)>35} Roe p= Jsp

_l’_

/sn2m{A(9)>35} R P? 62

(7)? g,

—l—/ do — di(..
Sn=2n{A(0)>36} Roe p K¢

Similar computations as for the estimates (11.28), (11.29) and (11.31) yield

1 R0€
(11.37) /d£¢ €) de/ dt( ) < CRyo
|Ine] Sn—2n{A(0)>35} 5p [Inel’
(11.38) | [ aeote a [ T [y < ©
. L (.. )| < =,
[Ine| | /r Sn-2n{A@0)>35)  JRoe  P* JKe T K
and

1
. (Re)2 0%
(11.39) —— /dgqs(g)/ df dg/ " a(..) §C<5+ ft0
|Ine| |Jr Sn-2n{A(0)>35} JRoe P Jsp |Ine|

)

1
(Re)2 K=
de/ o [ dt(. ..

).

51
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The third term on the right-hand side of (11.36) is similar to (11.30). Indeed, as above we
get

(11.40)
(Re)? dp
do —
Sn—2n{ A(0)>36} Roe P 5

(Re)2
/ A(6)do / {66+ K) <5+5>}*+0<R> O(r| Ine]).
Sn=2{ A(0)>35)

By (4.2), for |¢] < &,

¢(£+K):1+O<[1(>.

Therefore,

. (Re)2 dp K<
/ d§¢(§)/ do - di(...)
{lel<%y Sn—2n{A(0)>35} Roe  P7 Js<
. (Re)? B dp
[ e [ AOo [ {1+ 0 )~ o6+ 0)} L
{lel< 5} Sn=2n{A(0)>35} Roe p

+ O(R) + O(r|Ine|)

= d A(0)do 1— 005
/{£|<I2(} SHE) /S"%{A(G)>35} () /Ros { O(K )+ ( )} P
+ O(R) + O(r|Ine|)

. 1d ) (re)* g

_ - d A(0)do —
/ o {o0 - 5 007 fa [ L
+ O(KInel) + O8] Ing|) +

O(R) 4+ O(r|Inel) )
[ (2) ¢ (-2) -2 () -2 DN S @
+ O(K ' Inel) + O8] Ing|) + O(R) + O(r|Ing|).

)
Since, again by (4.2),

o(5)o(5) 3 (5)-2 (D) -1oows
we get

1
: (Re)2 4
/ dE(€) / df / L dt(...)
{lel<£y Sn=2n{A(0)>35} Roe  P7 Js<

1

(Re)2
= (1 +0(K—1))/ A(@)d@/ dp
2 Sn—2n{A(0)>35} Roe P

+ O(K|Ine|) + O(8|Ine|) + O(R) 4+ O(r|1In¢|)
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1

2 /S‘"—QO{A(9)>36}
1

1 1
= <| Ine|+ - In(R) — ln(R0)> / A(0)do
2\ 2 2 Sn=2N{A(0)>36}

+ O(K | Inel) + O(8|Ine|) + O(R) 4+ O(r|Ine).
On the other hand, by (11.13) and (11.40),

. (Re)® dp
/ d§¢(f)/ d&/ — dt(...)
{lg/>%£1 Sn=2n{A(6)>35} Roe  P7 Js<

[ e | [
{le>53 Sn—2n{A(6)>35}

+O(R) + O(r|Inegl)]
= O(K 'In¢|) + O(K'R).

The two estimates above give

1 ) (Re) d
/dg¢(g) de/ & dt(...)
|Ine| Jr Sn2fA@)>30)  JRos P75z

1

4 /S"—QH{A(0)>36}
Choosing K = § 1, from (11.36), (11.37), (11.38), (11.41) and (11.39) we get

(Re)2
“M‘/ acole) [ de/ L)
(11.42) §1-20{A(0)>35) 59

! A(6)d6 + 0-(1) + O(r) + O(6).

(Re)2 dp
A(e)de/ L+ O el + 06l ) +O(R) + O()
Roe

(Re)?
Aw)s [ (oK)~ o (6 +0) Cff

Roe

(11.41)

A(0)dO + 0-(1) + O(r) + O(K 1) + O(5).

4 /S”—QO{A(O)>36}

Finally, for the second term in the right-hand side of (11.35), we estimate as in (11.34) and
choose R = 62 to obtain

1
— / dgo () df / / (.
|Inel sn-2n{A0)>36)  J(Re)E P

From (11 35) (11.42) and (11.43), estimate (11.25) follows. Collecting the estimates for

(11.43) < (6.

Jg o( €)d¢, 1 <i<5in (11. 15) (11.22), (11.23), (11.24), and (11.25), we can write the
correspondmg expression for [, ¢(&)I1(€) d€ with I7(€) in (11.11) as
1 )
(11.44) 1 / H(EVIL(E) d = A(6)d0 + 0.(1) + O(5) + O(r).
|Inel Jr Sn—2n{A(0)>36}

In the same way, we obtain

/ HEIZ(E) dE = A(0)d0 + 0-(1) + O(3) + O(r).
R Sn—2n{A(0)<—36}

11.45
( ) |Inel

Finally, let us show

1 .
(11.46) e /R HEVTHE) dE = 0:(1) + 05(1) + O(r).
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If one of the eigenvalues ); is different than zero, then H" 2({# € S" 2| A() = 0}) =
0, where H"~2 is the n — 2 dimensional Hausdorff measure. In particular, H" 2({0 €
S"=2|]A(0)] < 36}) = 05(1). Therefore, integrating in ¢ as before,

. . T d
' / HOTHE) d&] <C / dgd(e) ao [ %
R R Sn=2n{|A(0)|<36} e P

§C|1n5|/ df = |Inelos(1),
Sn=2N{|A(9)|<38}
which implies (11.46).

If instead, \; =0 foralli = 1,...,n— 1, then A(§) =0 and S" 2N {|A(0)] < 35} = S 2

In this case, we write

d 2(5p d 25p
o= [ ), s [ [
Sn—2 Sn—2 26/7
"dp
+f a2 L),
Sn—2 e P” J28p

As for the estimates of [ ¢(€).J1(£)d¢ and [ ¢(€)J5(€)d€, (11.24) and (11.25), we get

T —20,
|1;€|/Rd§¢(§) /Sn_2 de/ ‘;/2)/1 pdt(...) :% s A(0)dO + 0-(1) + O(r) + O(6)
=0:(1) + O(r) + O(9),

and

1 : ' B 1 = 1 0, T
M/Rdfaﬁ(i) /SM dH/E p2/25pdt(...) = 4/SM A(8)d6 + 0.(1) + O(r) + O(5)
:05(1)+O(T)+O(5).

Moreover, similarly to the estimates of [ B(€)J2(€)de and fR (&)J4(&)dg, (11.22) and (11.23),

oo |, d@/ % [ <o
ne2 P

Estimate (11.46) then follows.
From (11.44), (11.45) and (11.46) we finally obtain (11.10).

\lne\

Step 1b. Estimating ﬁ I H(&)I5(€) d€. We will show that

114 &) 12(€)dé| < o (
(11.47) |1n €| / PO f’ 0
Recalling (11.5), we see that for |t| > 1, there is C; > 0 such that
(11.48) A(0) — Cirt? < b(0,t, 1) < A() + Cyrt?.

Then, for C7 as above and R > 2, to be determined, we write

/ ;- /Sn zde/ b <l<E / ;- /Sn 2d0/1<|t|< dt(...)

=: I,(&) + I3(¢).
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We first estimate

" dp dt

1

Bei<z [ %[ wf |
e P°Jgn {|t\>72 o

r n n n d
< c/ (rR)2ps~2dp < C(rR)‘z/ pp < C(rR)%|Ine|,
g g
so that
. < 3
(11.49) |ln€| /¢ VI (¢ dg’ C(rR).

Next, let us estimate [; (€)I2(€)d¢. If

< e

P
— 0 A R>2
L <rlA®) < {p R>2

O<p<r, 1<]tI<

1
2\/rRC1p’ 4R’

then
t 2 t 2 2
’5 Lty "bw,t,r)] > 1001 2 age) - o
E E g g

t
||,0 . Py P
4R5 " 4Re T 2Re

Therefore, by (4.3), for some 7 € (0, 1),

2

t , ¢
o (e 2w motm) -0 (e 2 )| <o (e Lt raionn)) oot
Re 2p2
<C <> ?(1 +rt?) = C(1 + rt*)R%e
from which we find that
dp .
do
/ /S" 2 /1<|t< /{|g<”’ £3 )
dt
+ = (t+ pb(0, ¢, — <+ )}
{o(e+ s r>>) o (¢ o
dp 1+rt?
CR?¢ )d do ——d
= / ¢ 5 Sn—2 / /1<|t|< ’t’nﬂ !

<CR2/ / ( - - T) dt
1<|t|< |t| ’t’
dp

< CR%* (1 —|—7“|ln5|)/ 2

€

< CR*(1+7|lng|).
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Consequently,

[Ine|

[%] /{KW@} /{ e, MO

(11.50) p B p dt
(o(erLarmom) —o(er?)fae
< COR? ( : +r> .
|Inel
Next, again by (4.3), for 71, 72 € (—1,1),
- _ te 2\ (It p
/{'tygi<|s|<'g'f’+§€}¢(£)d§_ <¢ <8+R6> ¢< e R€>>
Itle it p
(o) (%)
tle 2p t]p P\ 2p
4 < >R+¢ <_5+T2R8) Re

e\ p £
¢ (tp) Re CRptz'

IN

Therefore, recalling (11.48),

d” o

o(¢
Sn—2 1<|t|< /{f|p P <|£‘<“|p+R5}

{¢ (42 (t+pb(97t,r>>) ~o(e+ f)}ds(’fm

t2+1) 2

T 2
<C de/ dt|bt0+: / dp/
sn—2 [t|>1 |t|™ |t\p ra <‘£|<\t\p+R€}
/ /t>1 ¢t
< C aladl
B /5 Rp

Cllne|
< —-.
R

/ dﬂ/sn 2 /1<|t< /{tﬂ 2 <lel<ltley o }gb({)

{¢(5+§(t+pb(9,t,r>)) —¢<5+ )}d&(dt

Consequently,

\lna\

(11.51)
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Finally, if

1
]§|>5’p L, O<p<r, 1<l|t|< 0<TA(9)<E’ R>2,

1
Re 2\/rRC1p’

then
tp P tle  p° PP 2l P
=+ =b(O,t,r)| > [£] — — — —]A(0 >
‘£+6+5(,,r)‘_|£! -~ O = ZCurt” > o
and as before, by (4.3),

'qﬁ (f + g (t+ pb(e,t,r))) —¢ (é + t:) ’ < C(1+ rt?)R%

Therefore,
"d
L s
e P* Jsn2 {1<|t\< L } {le]>14e 4 2
2,/TRC € Re
p tp dt
+=(t+pb(0,t,7))) — +>}n
{o(c+ Zarmoam)-ofc+" o
T 1 2
< CR%/ dg/ de= 1 g
< CR*(1 —i—r]lne\)
and

1 "dp .
| 1115’ / ﬁ /n2 da / 1<t 1 / Itle y o Qb(é-)
€ S <‘ |<2\/T {|£|> e +RE}

{¢(§+Z(t+pb(9,t,7~))) —¢<§+t€p>}(t2+d;m < CR? (lid +r>.

From (11.49), (11.50), (11.51) and (11.52), choosing R = ra, (11.47) follows.
Recalling (11.9), we combine (11.10) and (11.47) to conclude Step 1 with

(11.53) . / HOTE) dE= [ AB)db+0s(1) + 05(1) + 0p(1),
|Ine| Jr g2

where o.(1) depends on the parameters ¢ and r.

Step 2. Estimating ﬁfR H(E)II(E) de. We will show

[éomea < o

Making the same change of variables as in I(£) in Step 1 above, we can write

o= /ly’|<e /e<|yn<r <¢ <5 * é (yn + AQY) + O(T|y|2))> -9 (E + y;)) ’yfi/—f—l
- /Iy’|<e |?CJZ§/’/" /E’|<|t|<r/| (752—;1115)%1
{¢> <€+ /] <t+ ly'|A <|y,‘) + |y'|O(r(1 +t2))>) _é <£+ t|§’|)}

(11.52)

(11.54)

|Ine|
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£
[
sn— 0 PTJE<p<t (24 1) 2

{¢> (£+ f (t+pA(0) + pO(r(1 +t2>))) —¢ <£+ ’Z’)}

Using the regularity of ¢ and that A(6) is bounded, we estimate

€ 2
|I1(¢)| < C a [ BﬁAW)+O&ﬂ+¢%M——EL——
5 _ EESY
Sn—2 e (t241)>2
€
Ol w[Ca 4(8) + 01+ ) — 2
s ntl
Sn—2 0 £<t<t (t2+1)2

¢ dt
SC/ dp/ (1+r(1+1?)———g < C.
€ Jo 1<|t|<co (2+1) =2
With this, we have (11.54).

Step 3. Conclusion. From (11.3), (11.53) and (11.54), we first send ¢ — 0 and then
r,0 — 0 to arrive at

(11.55) lim @ (z) = /S A ds,

e—0

which gives the desired result. Indeed,

n—1
1
A@w_2;MA

2 n—1 2n-1

n—1
1 |Sn—2| 1 \Sn_2|
eﬁwsz Y = - tr (D%d(z)) .
Sn—2 v 2 P r ( (:L‘))
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